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Abstract― In this paper a new approach to state estimation
in distribution networks is proposed. This approach is more
robust against large uncertainties of the state estimation inputs
than the conventional method. Traditionally, the goal of state
estimation was to estimate the exact value of network
parameters, such as voltages and currents. This works well in
transmission networks where many real time measurements are
available. In distribution networks, however, only few real-time
measurements are available. This means that the estimated state
can be significantly different from the actual network state.
Therefore, the focus of the proposed robust state estimation is
shifted from estimating the exact values of the network
parameters to the confidence that these parameters are within
their respective constraints. This approach is able to provide
useful results for distribution network operation, even if large
uncertainties are present in the estimated network state.
Index Terms— Distribution network state estimation, load
uncertainty, uncertainty quantification

I. INTRODUCTION
In distribution networks electric power is traditionally
delivered from the substation to the consumer. However, with
the increasing amount of distributed generation from sources
such as solar and wind, bidirectional power flows are
possible. This can result in significant voltage and security
concerns [1]. The constraints of a network are defined by its
physical properties (e.g. thermal limits of network
components) and regulations (e.g. the voltage compliance
range) [2]. However, the distribution network operator cannot
take any control actions (such as adjusting transformer taps,
switching on or off capacitor banks, etc. [3-5]) without
accurate information about the network state. The state of a
power network is uniquely identified by the voltage
magnitude and angle at every bus [6]. All other network
parameters such as currents and power-flows can be
calculated from the network state. The network state is
estimated by the state estimation (SE) process from the
available set of measurements [7, 8]. SE is a standard
procedure in transmission networks where numerous realtime measurements are available. In distribution networks,
however, only a limited number of real-time measurements
are usually available. In order to make the SE possible
pseudo-measurements are often used in the absence of real-

time measurements. A pseudo-measurement represents the
load and generation connected to particular bus in a network
and is derived from historical data. Since it is not possible to
accurately predict the load and generation at a particular bus
from historical data, pseudo-measurements usually have large
margins of error associated with them. As a result, the
estimated network state can contain a significant amount of
uncertainty if a large number of pseudo-measurements are
used in the SE [9, 10]. The aim of current SE methods is to
estimate the exact value of the network parameters [11-13].
However, due to the generally large amount of uncertainty in
the distribution network SE, the estimated state can be
significantly different from the actual network state[14]. This
makes it difficult to apply the conventional SE approach to
distribution networks. Hence, a new approach to SE is
required that is robust against large uncertainties in the
distribution network SE.
The method proposed in this paper takes a different
approach to the SE problem. The main concern of a
distribution network operator is to keep the network within its
constraints. This means that it is not important for the
distribution network operator to know the exact value of the
network parameters, but rather the confidence that these
parameters are within their respective constraints. Hence, in
the proposed approach, the focus is shifted from estimating
the exact value of the network parameters, to estimating the
confidence that these parameters are within their respective
constraints. This approach can provide practical information
for the distribution network operation, and is robust against
large SE uncertainties. The confidence values of the
estimated parameters are calculated from their probability
density functions (PDFs) and their respective constraints. The
practicality of the proposed approach is demonstrated by a
case study performed on the IEEE 34-bus test feeder [15].
The rest of the paper is organized as follows. Section II
presents the proposed robust SE method. In Section III, a case
study and simulation results are provided. A discussion on the
application of the proposed approach to larger networks is
given in Section IV, and Section V concludes the paper.
II. ROBUST STATE ESTIMATION
In this section the proposed robust SE is explained.

A. Conventional State Estimation
The SE process uses the available set of measurements to
calculate the network state. If a network has a number of
busses its state is defined by 2 state variables (voltage
magnitudes and angles at every bus). However, the angle at
one particular bus is commonly set to zero ( = 0) since it is
used as a reference. Hence, the state of a network is uniquely
identified by the state vector
= [ ,…,
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where is the vector of measurement errors and ( ) is a
vector of nonlinear functions that relates the state vector, , to
the measurement vector, .
The weighted least squares method (WLS) is the most
popular approach to estimate the network state and its
objective is to minimize the following function [6]:
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where the variance of the estimated state variables is
represented by the diagonal elements of
( ) [20]. The
matrix
( ) can also be used to calculate the variance of
all other estimated parameters [21]. Once the variance of an
estimated parameter is known, its PDF is given by

(1)

where, is the voltage angle and is the voltage magnitude.
The relationship between the measurement vector, , (which
consists of all measurements used in the SE) and the network
state vector, , can be expressed by
= ( )+ ,
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,
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is the variance of for = [1,2, … , , … , ];
is
where
is the
the total number of estimated network parameters;
is a
estimated value of the network parameter ; and
possible value of the parameter .
C. Calculating the Confidence
After calculating the PDF of all estimated parameters, the
confidence that these parameters are within their respective
estimated
constraints are calculated. The constraints of the
and ,
, representing the
parameter are given by ,
minimum and maximum values of the
estimated
parameter respectively.
estimated parameter is
The confidence value of the
between its
calculated by taking the integral of its
and ,
. This if formally defined by
constraints ,
,

is the measurement variance; is the measurement
where
error covariance matrix; and the number of measurements
which are used in the SE is given by . The WLS method is
an iterative process given by
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where
and
are the Jacobian and Gain matrices,
respectively.
B. Robust State Estimation
In the proposed robust SE approach, the PDFs of the
estimated parameters have to be obtained first. This can be
done by a variety of methods that have been proposed in
literature [16-19]. Which method is most suitable for a
particular network, has to be decided on a case by case basis.
It is, however, important to note that the proposed approach
does not depend on the method chosen to calculate the PDFs.
In this paper, a method based on the gain matrix is used to
calculate the PDF of the estimated parameters under the
assumption of Gaussian distributed inputs [20]. In this
method, the variance of the estimated state variables is
calculated by

( )

=

(10)

,

is a possible value of the
estimated parameter,
is the probabilitiy density function of the
estimated
represents the confidence that the true
parameter, and
estimated parameter lies within its constraints.
value of the
, the lower the risk that the true
The higher the value of
value is outside its constraints, and vice versa.

where

III. CASE STUDIES
A. Test feeder
The following case study shows how the proposed
approach can be applied to a distribution network and is
performed on the IEEE 34 bus-test feeder.
For simplicity, it is assumed that connected loads and
generators are three-phase and balanced. However, it is
important to understand, that the proposed method can also
be applied to an unbalanced network in the same way as it is
applied to a balanced one, if three-phase measurements and
sufficient information about phase connections of loads and
distributed generators is available. The voltage compliance
range is set to ±5% of the nominal network voltage;
measurement errors are assumed to be normally distributed;
pseudo-measurements with the accuracy of ±50% are used to
represent all loads; pseudo-measurements with the accuracy
of ±100% are used to represent distributed generation (such

as wind and solar); and the voltage at Bus 1 is measured with
the accuracy of ±1%. The standard deviation of a
measurement is calculated as the product of one-third of the
measurement accuracy and the expected value [22].

Fig. 2 and Fig. 3 show the estimated voltage profiles of
Case 1 and Case 2, respectively. The increase in voltage that
can be seen in Fig. 3 can be attributed to a combination of the
distributed generation and reactive power injected by two
shunt capacitors located at busses 27 and 29.
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Fig. 2 The voltage profile for the 34-bus test feeder under base loading
condition without distributed generation (Case 1).
Fig. 1. The 34-bus test feeder.

Voltage (pu)

For this case study we assume that the voltage regulating
devices are operating normally and are able to maintain a
voltage at the regulated busses within the specified
bandwidth. Hence, the voltage at the regulated busses 8 and
20 is assumed to be kept at the set point. In order to take
variations around the set point, due to inaccurate regulation,
into account, the regulators are modeled as additional
measurements with the accuracy of ±1%. This accuracy value
represents the bandwidth of the voltage regulators specified
in [32].
However, the actual positions of the voltage regulator taps
are not known. For this reason, the additional measurement
points used to model the voltage regulators, cannot provide
any information about voltages at busses that are
hierarchically higher than the voltage controlled bus (Bus 1 is
assumed to be at the top of the hierarchy). Hence, the network
is separated into sub-networks at the voltage controlled
busses in order to improve the accuracy of the SE. The PDF
of the estimated parameters are calculated for each subnetwork starting with the hierarchically lowest sub-network.
The resulting power flow at the voltage controlled bus that
connects to the next sub-network and its PDF are used as
inputs for the next network section.
B. Test Cases
In this study, two different cases are simulated. Case 1
considers the 34-bus test feeder under the loading condition
specified in [15] without distributed generation. In Case 2 the
network loading is reduced to 30% of the specified loads and
distributed generation equal to 20% of the specified loads is
added. These values are chosen for demonstration purposes
only. For a real case these values should be known to the
network operator.
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Fig. 3. The voltage profile for the 34-bus test feeder under low loading
condition with distributed generation (Case 2).

Considering that only the voltage at Bus 1 is actually
measured, it is clear that the estimated network state will
contain a significant amount of uncertainty. However, no
information about the accuracy of the estimate network state
is provided by the results of the conventional SE shown in
Fig. 2 and Fig. 3. This highlights that it is difficult to make
decisions on the network operation, based on the
conventional SE result, without any additional information
about the SE accuracy.
Next, the proposed robust SE approach is applied to the
test cases. An indication of the uncertainty in the SE results is
provided in Figs 4 and 5 by the bars that represent the 95%
confidence interval of the estimated voltage magnitudes. The
calculated confidence values for the estimated bus voltages
are shown in Table I and Table II. Busses with a confidence
value lower than 100% are highlighted in gray.
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Fig. 4. The 95% confidence interval for the base loading condition without
distributed generation (Case 1).
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The confidence that a particular parameter is within its
constraints can be low due to either the proximity of the
parameter estimate to its constraints, or a low accuracy of the
estimate. From Fig. 2 and Fig. 3 it is clear that only the
proximity of the parameter estimates to their constraints is
provided by the results of the conventional SE approach. The
proposed robust SE on the other hand, takes both the
proximity of the estimates to their constraints as well as the
accuracy of the parameter estimates into account. As a result
it is possible for the distribution network operator to make
informed decisions on the network operation, without
requiring a large number of real-time measurements.
The busses highlighted in gray (in Table I and Table II)
are critical busses which may require control actions from the
distribution network operator. A possible control action for
Case 1 would be to increase the set point of the voltage
regulator at Bus 7 to improve the confidence at Bus 19. For
Case 2 a possible control action would be to decrease the
voltage at the substation (Bus 1) in order to improve the
confidence values at busses 1-7.
IV. DISCUSSION
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Fig. 5. The 95% confidence interval for the low loading condition with
distributed generation (Case 2).
Table I: Confidence values for Case 1
Bus
1
2
3
4
5
6
7
8
9
10
11
12

Conf.
49%
76%
90%
100%
100%
100%
51%
100%
100%
100%
100%
100%

Bus
13
14
15
16
17
18
19
20
21
22
23
24

Conf.
100%
100%
100%
100%
100%
100%
45%
100%
100%
4%
100%
100%

Bus
25
26
27
28
29
30
31
32
33
34

Conf.
100%
100%
100%
100%
100%
100%
100%
100%
100%
100%

34

A. Application to larger networks
The execution time of the proposed approach largely
depends on the method chosen to calculate the PDFs of the
estimated parameters. For instance, the method used in this
paper is based on the gain matrix which is already calculated
during the WLS method. Hence, if this method is used to
perform the conventional SE, nearly no additional
computation time is required, to calculate the PDFs of the
estimated parameters.
However, if the proposed robust SE method is applied to
larger networks it can be difficult to interpret the results due
to the large number of estimated parameters. A potential
solution to this problem is to visualize the results graphically.
To illustrate this approach, the results for Case 1 and Case 2
are provided as heat maps in Figs 6 and 7.

Table II: Confidence values for Case 2
Bus

Conf.

Bus

Conf.

Bus

Conf.

1
2
3
4
5
6
7
8
9
10
11
12

51%
49%
47%
20%
20%
4%
2%
100%
100%
100%
100%
100%

13
14
15
16
17
18
19
20
21
22
23
24

100%
100%
100%
100%
100%
100%
100%
100%
100%
100%
100%
100%

25
26
27
28
29
30
31
32
33
34

100%
100%
100%
100%
100%
100%
100%
100%
100%
100%

Fig. 6. Graphical representation of the results for Case 1
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