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ABSTRACT
The increase in online education has implications for mathemat-
ics teacher educators who are tasked with teaching mathematics
content and pedagogy to pre-service teachers (PSTs) who do not
attend on-campus. Concerns about PSTs’ content knowledge con-
tinues to be an ongoing issue, and ways to address this, especially
in an online environment, require further investigation. While online
courses offer accessibility and flexibility, it can be challenging to
translate synchronous on campus teaching and experiences into
the online environment. The importance of productive mathemat-
ical discourse has been identified as an appropriate pedagogy, yet
the opportunity to engage in such discourse can be limited in the
online environment. This paperprovides the results fromacase study
of an online forum, which highlights how pre-service teachers can
be engaged in productive online mathematical discussions, partic-
ularly when facilitated by the instructor’s and other learners’ inter-
actions and presence. The findings indicated that social, cognitive,
and teachingpresence influenced thenature and frequencyof online
mathematical discourse. The study contributes to existing research
through conceptualizing how productive mathematical conversa-
tions can occur outside of the classroom setting, with implications
for mathematics teacher educators who are tasked with teaching
content, pedagogy and practices to PSTs.
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1. Introduction

While the increase in online education offers accessibility and flexibility in the higher
education sector, it can be challenging to transfer subjects traditionally delivered on-
campus to the online environment. The pedagogy of mathematics education taught to
pre-service teachers (PSTs) is typically characterized using interactive materials and pro-
ductive discussions delivered on-campus where interaction is synchronous. It is arguably
more challenging to enact these practices in an asynchronous manner, yet many PSTs are
being educated using blended or fully online models of instruction. For online teacher
educators, the lack of face-to-face interactions with PSTs can make it challenging to mon-
itor and encourage engagement, ensure active participation, and prepare students for the
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realities of classroom teaching. This task may be even more challenging for mathematics
teacher educators (MTEs), who are required to teach mathematics pedagogy to cohorts of
PSTs who are often not confident with the subject matter and have limited mathematical
content knowledge (Anthony et al., 2016). There continues to bewidespread concern about
the depth ofmathematical content knowledge as demonstrated by PSTs (e.g. Anthony et al.,
2016), with research in this area largely focused on how this is monitored and addressed in
traditional face-to-face tutorial classes (e.g. Hurst & Cooke, 2014), or through practicum
experiences (e.g. Livy et al., 2016). The challenges of connecting PSTs’ course theory with
practice are also well documented in the literature (e.g. Anthony et al., 2018; Gronow et al.,
2019; Livy et al., 2017; Wright, 2017), with most accounts highlighting the occurrence of
this in on-campus situations. On-campus tutorials offer opportunities for MTEs to model
and unpack effective mathematics teaching practices, such as those recommended by the
National Council of Teachers of Mathematics (NCTM) (2014), including using and con-
nectingmathematical representations and facilitatingmeaningful mathematical discourse.
In an online environment, however, opportunities for discourse are typically provided
through writing responses in discussion board forums whose effectiveness is debatable
(Douglas et al., 2020; Thomas & Thorpe, 2019), and has not been closely examined in a
mathematics education context. Accounts of how PSTs’ can learn to become mathematics
teachers through a fully online environment in general are limited, although recent interest
in the work of MTEs is beginning to address this (e.g. Beswick & Goos, 2018). This paper
adds to the limited literature through addressing the following research questions:

• In what ways (if any) can online discussions be characterized as being productive
mathematical discourse?

• What affordances do discussion boards offer that promote PSTs engagement in produc-
tive mathematical discourse?

2. Review of the literature

2.1. Productive discourse

A meaningful mathematical discourse engages students with important mathematical
ideas, and can focus on concepts, procedures, problem-solving strategies, representations,
and reasoning (Staples & King, 2017). One of the seven effective mathematics teaching
practices, identified by NCTM (2014), is the facilitation of meaningful mathematical dis-
course attempting to build a shared understanding of mathematical ideas by analysing and
comparing students’ approaches and arguments. Similarly, Anthony and Walshaw (2009)
identified mathematical communication using facilitation of classroom dialogue focused
towardmathematical argumentation as one of ten principles of effective mathematics ped-
agogy. In the primary classroom, specific pedagogical actions used to facilitate discourse
include encouraging students to provide conceptually focused justification for mathemat-
ical actions, questioning in sustained exchanges, and facilitating student examination of
similarities and differences across multiple strategies (Kazemi, 1998). The teacher plays
a key role in the facilitation of such discourse through participation and orchestration
(McCrone, 2005) and ensures that it is conceptually focused and reflective (Hunter, 2009).
Staples andKing (2017) identified three key functions of the teacher’s role: eliciting student
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thinking, supporting student-student exchanges about mathematical ideas, and guiding
the mathematics. Pedagogical practices such as the five productive talk moves (Chapin
et al., 2009), which include revoicing, can be used by teachers to position students in the
interactive dialogue and to clarify reasoning, highlight specific aspects of themathematical
thinking, or extend, rephrase, and further develop it (Hunter, 2009).

Stein et al. (2008) also point to mathematical discussions being a key part of effec-
tive mathematics teaching. For them, mathematical discussions support student learning
through using mathematical discourse practices, making student’s thinking visible, and
encouraging students to construct and evaluate their own and each other’s mathemati-
cal ideas. Their identification of five practices that orchestrate productive mathematical
discussions demonstrate that productive interactions must go beyond ‘show and tell’,
and instead engage students in sense-making through connecting the mathematics and
drawing together students’ important and worthwhile ideas.

In summary, productive discourse is characterized by classroom dialogue that is con-
ceptually focused on mathematics, makes students’ thinking visible and encourages expla-
nation, reasoning, and justification. The descriptions of productive discourse are based
on an underlying tenet that they occur in real time, usually within the setting of a class-
room. In order to prepare PSTs for the facilitation of productive mathematical discourse
with their future students, on campus MTEs can model what productive discourse looks
like in their synchronous classes. For online MTEs, this can be difficult to achieve, yet it
is an important aspect of pedagogical practice that needs to be addressed if PSTs are to be
appropriately prepared for facilitating productive mathematical discourse.

Online discussion typically occurs through the use of asynchronous discussion boards
where students post responses to questions and engage in discussion about nominated
topics, yet active engagement in online discussions can be difficult to achieve (Hew et al.,
2010). While discussion boards can support active learning and peer interaction, partic-
ularly when facilitated by a knowledgeable teacher/instructor (Martin et al., 2018), it has
not been widely demonstrated that they can facilitate the type of productive mathemati-
cal discourse as described by Staples and King (2017) and others (e.g. NCTM, 2014; Stein
et al., 2008).

2.2. Discussion boards

The use of interactive discussion boards in online learning suggests they can be important
tools for fostering student engagement (Sabry & Baldwin, 2003). In terms of affordances,
discussion boards can provide more reflection time and potentially less stressful opportu-
nities for students and facilitators to share their thoughts and opinions than face-to-face
interactions (Douglas et al., 2020). The discussion board format also provides opportuni-
ties for more sustained interaction than might be achieved in a face-to-face tutorial, with
educators estimating that their interactions with students can be up to three times longer
than interaction with face-to-face students (Martin, 2014). Instructors’ use of facilitation
strategies, such as presence in discussion forums, can enhance engagement, with evidence
showing that instructor presence enhances students’ motivation to learn, increases the
depth and quality of students’ interactions and discussions, and can reduce a sense of
loneliness (Martin et al., 2018).
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Instructor or teaching presence is theorized to consist of three components: instruc-
tional design, facilitation, and direct instruction (Anderson et al., 2001). Research findings
have indicated that instructional design and clearly defined roles of instructors are crit-
ical in facilitating cognitive presence, particularly in online discussions (e.g. Garrison &
Cleveland-Innes, 2005; Gasovic et al., 2015). Instructor presence in discussion forums was
identified as a key facilitation strategy that influenced student engagement and learning in
the online environment (Martin et al., 2018), although there is little agreement about what
constitutes instructor presence in terms of quality of interaction and content (Thomas &
Thorpe, 2019). While the research shows that a sense of online instructor presence enables
positive learner-instructor interaction (Shea & Bidjerano, 2010), thick descriptions of what
this constitutes is missing in the literature, including with reference to online mathemati-
cal discussions. Recommendations for instructors have included practices such as starting
major discussion threads, narrowing down topics, and responding promptly to students’
posts (Martin et al., 2018). These recommendations were considered by the instructor in
this study when selecting discussion topics and responding to students’ posts.

2.3. Onlinemathematics teacher education

The integration of technology has enabled educators, including MTEs, to create learning
experiences that actively andmeaningfully engage students in course content (Engelbrecht
et al., 2020). While this creates possibilities for reconceptualizing delivery of mathematics
education courses, it seems the digitally networked world is only just starting to penetrate
the typical classroom (Engelbrecht et al., 2020). Online mathematics teacher education is
an emerging field of research, focusing on identifying and analysing the affordances of the
online environment and the challenges faced by teachers and students when learning and
teaching without face-to-face interaction (Borba & Llinares, 2012). While online collab-
oration has been investigated in relation to practicing teachers’ professional development
(e.g. Guerudet et al., 2012), less attention has been paid to PSTs’ experiences. Other stud-
ies have focused on the role of technology and participants’ interaction with multi-media
(e.g. Borba, 2012; Gadanidis & Geiger, 2010), including the use of virtual manipulatives
(Rodriguez, 2015, as cited in Hoyos et al., 2018), particularly in hybrid learning environ-
ments (Hoyos et al., 2018). The purpose of this article, however, is not to demonstrate
how technology can be applied in the online environment, but rather discusses a case
study that illustrates how technology, along with other pedagogical practices, can be used
to encourage productive online discourse. While not focused on online delivery, a recent
review of teacher education pedagogies in the Australasian context, identified three cate-
gories of approaches to pre-service teacher learning: creating approximations of practice or
authentic experiences in ITE settings; building PST’s identities as teachers of mathematics;
using digital technologies to support PST learning (Way et al., 2020). As more ITE courses
are being delivered in fully online or hybrid modes, it is timely to examine in what ways
identified approaches to PST learning can be replicated or achieved in the online environ-
ment. This paper investigates whether the online instructor can successfully prepare and
teach PSTs the required Mathematical Content Knowledge (MCK) and Pedagogical Con-
tent Knowledge (PCK) in an online environment where the main source of interaction is
through synchronous discussion boards.
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3. Theoretical framework

The reviewed literature characterized what productive mathematical discourse involves
and highlighted the role of discussion boards in higher education online environments.
The key role of the teacher was also highlighted as being influential in the facilitation
of productive mathematical discourse and in online discussion boards. Garrison et al.
(2001) devised a community of inquiry model which incorporates discourse and teaching
presence as elements of a worthwhile educational experience.

The model assumes that learning occurs within the Community of Inquiry through
the interaction of cognitive presence, social presence, and teaching presence. Cogni-
tive presence, a vital element in critical thinking, refers to the extent to which the
participants can construct meaning through sustained communication (Garrison et al.,
2001). Social presence refers to the ability of participants to present themselves to
others as ‘real people’ (Garrison et al., 2001, p. 89). Social presence can be seen as
a direct contributor to the success of the educational experience, particularly when
valuing affective goals, such as willingness to contribute to class discussions. Teaching
presence is the responsibility of the instructor and includes the design of the edu-
cational experience and the facilitation of students’ learning and interactions. In the
online context, it encompasses the three characteristics of teaching presence identified
by Anderson et al. (2001): design and administration, facilitating discourse, and direct
instruction.

Garrison et al.’s (2001) model is relevant for understanding that MTEs are responsi-
ble for selecting the mathematical content and appropriate pedagogies of the course. They
set the climate for respectful exchanges to occur, and support discourse that is focused
on productive mathematical conversations. It is, however, equally applicable to a range of
generic teaching situations and disciplines, so aspects of the model have been extended to
demonstrate its applicability to the work of theMTE. Figure 1 depicts an adapted version of
Garrison et al.’s (2001)model. This adaptedmodel incorporates aspects ofMTEs’ work and
practice that recognize the unique elements involved in teaching mathematics education
to PSTs. Discourse in the context of mathematics education is often characterized as being
‘productive’ or purposeful, and as highlighted previously, should include elements such as
justification and reasoning, with a focus on eliciting student thinking. Figure 1 shows that
Supporting Discourse involves eliciting student thinking and providing opportunities for
the exchange of mathematical ideas to occur. The reference to talk moves, justification and
questioning highlight strategies that are characteristic of productive classroom discourse.
In terms of content, MTEs are tasked with increasing PSTs’ own mathematical content
knowledge (MCK), together with the mathematics knowledge required for teaching and
how to teach it (PCK), along with connecting this knowledge to the professional practice
that occurs in classrooms.

In terms of content, MTEs are tasked with increasing PSTs’ own mathematical content
knowledge (MCK), together with the mathematics knowledge required for teaching and
how to teach it (PCK), along with connecting this knowledge to the professional practice
that occurs in classrooms. The instructor ultimately selects the content, with the model
depicting that this includes aspects of professional practice such as representations and
approximations of practice, which have been identified elsewhere in the literature as core
components of ITE courses (e.g.Way et al., 2020). Finally, within the social presence aspect
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Figure 1. Adapted model showing Community of Inquiry in a MTE context.

of the model, an important component of MTEs’ work involves recognizing the tendency
for PSTs to experience maths anxiety (Hembree, 1990) and to facilitate their developing
identity as a mathematics learner and teacher. Setting the climate includes recognition that
a Community of Inquiry in a mathematics context involves addressing students’ identity
as a mathematics learner and teacher, which are influenced by affective traits. In summary,
this adapted model incorporates and makes explicit the aspects of the work of an MTE
that go beyond the generic educational experience as described by Garrison et al.’s (2001)
original Community of Inquiry model. The adopted model was used for interpreting the
results discussed in this study and paper.

4. Methodology

The study adopted a constructivist perspective, characterized by the beliefs that knowledge
is constructed rather than discovered, and that there are multiple perspectives or inter-
pretations (Stake, 1995) of that knowledge. This approach was appropriate given that the
research occurred in a natural setting, whereby the researcher, as a MTE, was positioned
within the research (Creswell & Plano Clark, 2013). Furthermore, a case study approach
was adopted to investigate whether or not online discussions could be characterized as
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being productive mathematical discourse and if so, how these discussions were facilitated
by the MTE.

The case took place in a regional Australian university and involved a cohort of 55 online
PSTs enrolled in TPM1 (Teaching Primary Mathematics 1) in Semester 1, 2019. This unit
was the first of two mathematics pedagogy units studied by PSTs in a two-year Masters
of Teaching Degree. The primary means of interaction in the unit was through dedicated
weekly discussion boards, which provided a space for the PSTs to contribute to questions
or topics related to each week’s content. The instructor’s role in the unit was to provide
different stimulus questions for the PSTs to respond to each week and to interact with the
PSTs throughdiscussion posts and replies.While the instructorwas active in facilitating the
discussion and thus provided favourable conditions for discussion to occur, the results still
demonstrate what can be achieved in such an environment. The posts from those dedicated
weekly discussion boards, form the basis of the results discussed in this paper. Full ethical
approval was granted to access and report on PSTs’ discussion posts and the PSTs provided
consent for this.

The discussion board posts were analysed using both inductive and deductive thematic
analysis (Boyatzis, 1998; Crabtree & Miller, 1999). Initially, open coding was used to anal-
yse discussion board exchanges. Early discussion posts were characterized by a series of
separate posts, rather than contributions to an ongoing thread. These were excluded from
analysis as they were not deemed to be discourse, but rather a series of disconnected state-
ments. Threads of four posts or more where exchanges occurred between two or more
participants were considered examples of discourse and subsequently coded. Codes were
then clustered into three broad categories, related to the elements identified in Figure 1:
setting climate, supporting discourse and selecting content. As an example, the following
post was initially given 5 inductive codes: mathematical thinking; mathematical content
knowledge; mathematical vocabulary; fractions; mathematical explanation. It was deduc-
tively coded as supporting discourse as it elicited student thinking, showed an exchange
of a mathematical idea, and contained a mathematical explanation. It was also coded as
an example of MCK as the student’s explanation was focused on the mathematical content
knowledge associated with how to divide fractions (this post was also accompanied by a
diagram, shown in Figure 3).

If we have a chocolate bar of 4 pieces andwewant to divide it by 1/3 then each piece (or whole)
is cut into 3 pieces - so we can start to see that we multiply the numerator of our first original
fraction (4) by the denominator of the second original fraction (3) to find out how many 1/3
segments we have. Then we divide this by the number of thirds we are interested in. In the
first case this is 1. In the second case this is 2.

As in the above example, most responses were initially assigned multiple codes. While
the researcher had extensive experience with coding, in order to gauge inter-reliability,
two weeks of discussion posts were also coded by a colleague of the researcher, who was
not involved with the study. The colleague was provided with a codebook and discussion
occurred until agreement was reached for coding to the three broad categories: Setting
Climate, Supporting Discourse and Selecting Content Each response was also coded as
‘student’ or ‘instructor’. Figure 2 outlines the final themes and associated sub-themes
identified.
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Figure 2. Themes and sub-themes.

Figure 3. Diagrammatic representation showing why we invert and multiply when dividing fractions.
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5. Results from analysing discussion threads

The results are presented in the form of two vignettes that illustrate aspects of the edu-
cational experience identified in Figure 1. While all exchanges contained elements from
each part of the model, the two selected respectively differ in their intentions. The first
vignette provides an example of supporting discourse in relation to eliciting student think-
ing and exchanging mathematical ideas. The instructor’s intention with the topic in the
second vignette is to focus more on PSTs’ PCK and to connect the discussion with past
classroom practice and implications for their future teaching. While there were examples
of posts related to establishing a climate for the PSTs to share aspects of their identity, it
was beyond the scope of this paper to include those exchanges.

5.1. Vignette 1: Bethanywants to know ...

To provide a stimulus to encourage the PSTs to engage with the learning content, the
instructor posted a short video excerpt in the learning content for week 6 in which
‘Bethany’, a school student, asked the question: “Why do we invert and multiply when
dividing fractions?” The PSTswere asked to post responses to the discussion board demon-
strating how they would address Bethany’s question. When selecting this content, the
instructorwas looking to develop cognitive presence, particularly in relation to PSTs’MCK,
and their ability to use appropriate representations to address Bethany’s question. The
instructor’s role was to support the discourse that occurred and to guide PSTs to post con-
ceptual, rather than procedural, responses. There was a total of 23 replies and a total of 89
views of these posts. View metrics were recorded for each individual post, with the total
indicating that at least some of the 55 PSTs repeatedly viewed some of the posts. with the
following excerpt illustrating the nature of the exchanges that occurred:

Karen: It’s funny that I have also asked this question andmy teacher’s answer was because “it is
the way it is”. We invert it because dividing fractions is difficult. Since dividing is the opposite
of multiplying, you invert the fraction tomake it the opposite of the original fraction . . . [31/3]

Chris: Hi Karen. I liked how you made it simple for Bethany. I would also explain to Bethany
that we invert the dividing fraction and turn it into a multiplication equation because it is a
shortcut – who doesn’t like shortcuts? [31/3]

Sam: Hi Chris – I agree – and I also think it’s definitely important to use visual represen-
tations to ensure Bethany understands WHY the rule works – otherwise it’s just ‘another’
mathematical rule. [1/4]

Instructor: Yes I’m with you Sam – saying it’s a shortcut is just like a rule – so I’m interested
in your responses as to why it works and if you could explain with a visual, go for it. [4/4]

After some similar postings from other PSTs, and following a period of no posts, the
instructor then posted:

Instructor: Hi all – I’ve checked with Bethany and she is still not convinced – she wants a
diagram with pictures? Any ideas? [5/4]

Trudy then posted the following response and diagram:

I’ve had a go at this with a bit of online help. I’m still having trouble putting it into simple
words. If we have a chocolate bar of 4 pieces and we want to divide it by 1/3 then each piece
(or whole) is cut into 3 pieces - so we can start to see that wemultiply the numerator of our first
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original fraction (4) by the denominator of the second original fraction (3) to find out how
many 1/3 segments we have. Then we divide this by the number of thirds we are interested in.
In the first case this is 1. In the second case this is 2. [5/4]

Another PST, Liam, provided a link to a YouTube video and added:

I like the idea of getting students to talk about what they notice and wonder about what is
going on in the picture. I think that getting students to speculate on what end result might
be before attempting to solve is also brilliant because it would help the teacher ascertain each
student’s understanding of the concept. [5/4]

This link was appreciated by the other PSTs, as Jill’s response illustrates:

Hi Liam - That was a really neat video, thanks for sharing! So many different examples of
informal ways to approach the problem . . . I think I would have started by drawing cups too.
[20/4]

This excerpt provides an example of discourse which elicited student thinking and enabled
the PSTs to exchange mathematical ideas. Together with demonstrating an example of stu-
dent discourse that focused on mathematical content, and students’ MCK and PCK, this
excerpt also demonstrates how the discourse was supported by the instructor and that
PSTs were willing to participate in the discourse over an extended period. The first post-
ing occurred on the 31st March, with the final post occurring on the 20th April, and while
not all PSTs posted responses, there were 89 views of the thread, suggesting that PSTs had
access to the content that formed the basis of the discourse.

5.2. Vignette 2: informal vs formal algorithms

Theweek 3 content examined themeaning of operations and required the PSTs to read and
respond to an article that discussed written algorithms in the primary years (Clarke, 2005).
Again, the instructor’s role was pivotal in terms of selecting content, with the focus in this
context being to get insights into PSTs’ identities as a mathematics learner and teacher.
PSTs had the opportunity to respond to one or more of four discussion prompts, including
‘Response to Clarke article’:

• After reading the Clarke (2005) article, respond to the following questions:
• What does Clarke identify as some elements to consider whether or not a stu-

dent’s invented algorithm is acceptable? Examine the informal algorithms you used
to solve the equations earlier. To what extent do your informal algorithms meet his
‘criteria’?

• There is consensus in the research literature that the teaching of formal algorithms
should be delayed until at least fourth grade. How do you feel about this? Do you think
children should be taught the formal algorithm for each operation?

This prompt resulted in 51 posts, across six different threads. The most prolific thread
generated 44 posts, and 164 views and forms the basis of the discourse reported in this
vignette.

The thread was initiated by one of the PSTs, Olivia, who after identifying acceptable
elements of invented algorithms, posted:
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I wish I could have read the article earlier because I have already taught my kid using
conventional written algorithms when he was in grade 1, as many parents in my country want
their children to get a head start in education. I reflected that when he was struggling with 2
digits addition/subtractions, all of which were added by me to his homework, he was using
fingers or drawing dots on paper, and it’s very slow and inefficient, somy parents and I eagerly
reminded himusing the vertically written algorithms.How regretful I amnow! I wish he could
be untaught but . . . Now I realized that using written algorithm is nothing to be proud of and it
is potentially very detrimental to student’s natural mathematical thinking, given that it could
largely weaken their mental strategies and number sense. [11th March]

A number of PSTs responded to this and acknowledged they shared similar experiences as
Olivia. As intended, however, the article also provoked some differing perspectives about
the teaching of formal algorithms, as the following posts illustrate:

I really enjoyed Clarke’s article and found that (at the moment at least) I mostly agree that
formal algorithms should be delayed, especially when I look at how I tackle the problems we
were given. I found when I was told to use the informal algorithms to solve the problems, it
came a lot easier thanwhen I have been trying to solve other problemswe have been given. For
example: 800–303, simply changed it to 800–300 = 500–3 = 497, rounding the numbers so
they were easier to subtract was a lot easier than ‘borrowing’ from the next column/s, the for-
mal algorithm I had been taught. I have found myself always trying to remember ‘the correct
way’ or formal algorithm I was taught how to do something rather than just trying to figure it
out based onmy understanding of numbers, and I am coming un-stuck tackling the problems
this way. However, just solving the problems based on my understanding of numbers, I am
having a lot more success! I do believe there would be a time and a place for both in a primary
classroom, but perhaps as he suggests, not until later primary to introduce formal algorithms.
(Pam, 12th March)

No matter what I always see the formal algorithm. I’m probably just being naive but if the
students have a working informal algorithm, then they should not have to learn the formal. It
will be too confusing and soon they will get calculators. (Marie, 14th March)

Marie, I somewhat agree, in that a student should not be told their previously-okay informal
algorithm is now incorrect; however, I don’t think that formal algorithms should be ‘all or
nothing’. I like Pam’s suggestion for considering them as alternative methods, with students
then able to critically assess the pros/cons of both. (Brittany, 17th March)

It might sound harsh, but the formal algorithm should be introduced at the start or not at all.
If you introduce it in the 4th grade it will just confuse the students too much. This is from
personal experience of being taught one way and then the next year’s teacher said to do it
another. (Marie, 14 March)

I honestly don’t know if formal algorithms should be introduced before or after Year 4.
I’d imagine it depends on the child and the progress they had made. For some, the formal
algorithm approach may be the key that opens their understanding to maths, in which case
it would be a shame to have withheld it. Considering that many students will go on to learn
more complex maths, learning the formal algorithms is going to be a necessary step in their
study, but I can see the benefit of establishing a firm foundation in understanding basic maths
concepts before moving on to things they are not developmentally ready for. (Emma, 15th
March)

Such an interesting article and an evenMORE interesting discussion! I think this week’s topic
has raised a variety of emotions in me . . . most likely because it has caused me to question
some of the things I have been doing at home to ‘help’my children broaden theirmathematical
understanding, but really, I think it was probably underminingwhatmay have been happening
at school withoutme realising! It makes ALOT of sense tome to hold off on formal algorithms
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until grade 4 or so. Having your mind open to different ways of approaching mathematical
problems helps to eliminate the very black/white, right/wrong nature of the maths I grew up
learning. If nothing else, it breeds a better relationship with the subject when you aren’t always
getting things ‘wrong’. (Sarah, 15th March)

The above posts were illustrative of the types of responses received and again provide
insights into the PSTs’ thinking, their identity as a mathematics learner and teacher, and
affective traits.While the prompt also elicited discourse related to professional practice, the
responses showed that the PSTs primarily engaged in discourse about mathematical ideas
and their own beliefs.

As the PSTs were willing to engage in discourse with each other, facilitating the develop-
ment of social presence, the lecturer primarily took the role of an observer, while offering
some regular commentary to indicate her ongoing teacher presence. There was also the
opportunity to address aspects of the PSTs’ MKT and PCK as they arose. For example,
Marie asked ‘how are we going to implement the formal algorithm in Grade 4? It would
be like telling the students that the algorithm you are using now is rubbish and you must
do it this way?’ The lecturer took this opportunity to explain that ‘The article is not meant
to imply that you have to introduce the formal algorithm in Year 4 – it is just saying that
it shouldn’t be introduced earlier’, thereby enabling meaning to be constructed through
sustained communication (Garrison et al., 2001).

As with the other topics, the lecturer also included questions on relevant post to further
elicit students’ thinking and talk moves (Chapin et al., 2009) to generate extension of the
discussion:

There is a school of thought as to whether or not you should introduce the formal algorithm
at all – what do others think about this?

In summary, the posts showed that this was a topic that generated a lot of responses, and
that PSTs, such as Marie, were willing to engage with the discourse by posting more than
one response.

6. Discussion

The following discussion is structured around answering the two research questions and
focuses on the nature of the mathematical discussions and the role of the lecturer in
facilitating these discussions.

6.1. Mathematical discussions

The two vignettes demonstrated how social, cognitive, and teaching presence was man-
ifested in the online environment. The results show the mathematical discussions that
occurred in the two vignettes included opportunities to engage in reasoning, justification
and reflection, with the lecturer and PSTs supporting the discourse though the exchange
of mathematical ideas and making student thinking visible. Teaching presence through
the lecturer also facilitated the engagement with important mathematical ideas and con-
cepts, including procedures, problem-solving strategies, and representations (Staples &
King, 2017). Trudy’s response, for example, provides evidence of moving beyond a focus
on procedures and ‘shortcuts’ which was characteristic of earlier posts, to developing a
conceptually based understanding of the procedure, using a diagram and accompanying
explanation. The exchange also provided evidence of students’ cognitive presence using
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representations that demonstrated an understanding of MKT and PCK. These opportuni-
tieswere provided through the lecturers’ deliberate selection of content designed to develop
PSTs’ understanding of professional practice, and knowledge required for teaching.

While classroom discourse is focused on mathematical conversations, the results show
that mathematical discourse in the higher education space extends to the inclusion of
professional practice such as PCK and MKT. The discourse that occurred particularly
in vignette 2 did not necessarily require any discussion of mathematical concepts but
was valuable in encouraging discussion about the learning and teaching of mathematics.
The discourse that ensued was still considered productive in that connections were made
between posts and opinions of others built on and discussed. Smith and Stein (2013) point
to discourse that is essentially ‘show and tell’, whereby one student presentation would fol-
low another with limited teacher (or student) commentary. Such exchanges are limited in
that they do not capitalize on opportunities to draw connections among methods used,
or tie them to widely shared disciplinary methods and concepts. This is limiting in that
there is no mathematical or other reason for students to necessarily listen to and try to
understand the methods of their classmates. The exchanges that occurred in the vignettes,
however, were not isolated or disconnected posts, but demonstrated students’ willingness
to engage with others’ ideas and consider them in relation to their own experiences and
views. Brittany’s post, for example, in Vignette 2, refers to earlier posts and acknowledged
others’ views. She acknowledged but respectfully disagreed with an earlier comment from
Marie, and endorsed Pam’s suggestion for considering alternativemethods. The exchanges
demonstrate the exchange of ideas as identified in Garrison et al.’s (2001) adapted model.

Concerns have been raised about online discussion boards in terms of their quality of
interaction and content (Thomas&Thorpe, 2019)with in-class discussion often being por-
trayed as a better experience (e.g. Blackmon, 2012). Results from this study, however, point
to some affordances that online discussion forums have that are not as easily replicable in
the on-campus environment. All the discussions portrayed in the vignettes, for example,
occurred over several days. In addition, different posts made on the same topic by the same
PSTs demonstrated a willingness to be involved and participate in a sustained exchange.
This characterization demonstrates that students, alongwith the instructor, played a role in
supporting discourse through the exchanging of mathematical ideas (see Figure 1). Face-
to-face tutorials are typically one to two hours in duration; hence class discussions are
usually restricted to this duration and only accessible to those who attended the tutorial on
that day. In contrast, the flexibility afforded to online learners, means that discussion top-
ics and posts are able to be accessed at any time throughout the semester, and also re-read.
While the results showed that not all PSTs contributed to the online discourses described,
the metrics showed a high number of views (89 and 164 respectively for a cohort of 55).
In this way, the discussion board forum encouraged the exchange of ideas and the inter-
action between peers in ways that went beyond the restricted exchange that is limited to a
set tutorial period.

6.2. The role of the lecturer

The role of the lecturer in facilitating productive mathematical conversations was demon-
strated through a teaching presence which attended to the aspects of selecting content,
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setting the climate, and supporting discourse as depicted in Figure 1. Purposeful selec-
tion of discussion content topics, with a goal to promote and even provoke contributions,
allowed the lecturer to focus on different aspects of the PSTs’ learning, such as their MCK,
and PCK. Along with its focus on PCK, Vignette 2 also provided insights into the PSTs’
beliefs, and their identity as a mathematics learner and teacher. Incorporating practices as
recommended by Martin et al. (2018), such as limiting the topics to two or three per week
and promoting the practice of extending threads rather than creating new ones, was helpful
in motivating PSTs to post, and in supporting the discourse that occurred. In addition, the
practice of the lecturer ending replies with a question also provided an example of support-
ing discourse, as the discussion was often then continued, highlighting the importance of
lecturer presence (Martin et al., 2018;Muir et al., 2019). The lecturer also gave regular feed-
back on posts, thereby acknowledging the importance of maintaining instructor presence
(Martin et al., 2018).

Vignette 1 provided an opportunity for PSTs to engage with both the mathemati-
cal content (cognitive presence) in terms of dividing fractions, and to demonstrate their
understanding of professional practice through selecting appropriate representations and
strategies that would be appropriate for teaching that concept. Initially for that vignette
the lecturer’s role was that of an observer, and when the discussion posts stopped, she
asked a provocative question to stimulate discussion. This strategy provided an example
of supporting discourse through eliciting student thinking and supporting the exchange
of mathematical ideas (see Figure 1). This exchange, and others described in vignette 1,
demonstrate how the role of the lecturer was influential in promoting purposeful discourse
thatmade students’ thinking visible andwent beyond the tendency to ‘show and tell’ (Smith
& Stein, 2013).

The role of the instructor extended beyond the teaching presence, influencing the social
and cognitive presence of students as depicted in Figure 1. Selection of content and sup-
porting discourse by eliciting students’ thinking had the effect of encouraging the exchange
of mathematical ideas between students. Practices such as the use of students’ names and
prompting questions were used to establish the lecturer/student relationship which has
been shown to have a positive effect on engagement (Muir et al., 2019).

7. Conclusions and implications

The results and discussion demonstrate that the PSTs were willing to engage in online
discussions about mathematical concepts, practices, pedagogy and their personal math-
ematical beliefs and identities. There was evidence of learner-learner interaction (Martin
et al., 2018), including examples of exchanges between the same students, indicating a real
investment with the content and with other learners, in that they did not just post once, but
returned to the forum for further exchanges. The interaction between learner-instructor
was evident, with the instructor establishing her presence through regular feedback, and
provocative posts, particularly when a lack of activity was noted.

Although this paper provides limited examples of the online exchanges that occurred,
it does demonstrate that productive mathematical discussions can occur online. Indeed, it
could be argued that the online environment may have facilitated a richer exchange than
might be achieved in an on-campus tutorial, in that the students had the opportunity to
carefully consider and craft their responses, access other resources (e.g. Youtube clips),



INTERNATIONAL JOURNAL OF MATHEMATICAL EDUCATION IN SCIENCE AND TECHNOLOGY 15

and continue the exchange over several days. Similarly, the online environment allows the
lecturer to take more time to carefully consider and craft responses, rather than respond
to ‘in the moment’ situations which occur in on-campus classes.

It is important to acknowledge the limitations of the study. While the results and dis-
cussion demonstrate the affordances of an online discussion forum, there were several
favourable conditions that enabled this to occur. The role of the lecturer was vital, with
instructor presence maintained through timely responses to posts, and prompting of stu-
dents to engage in productive discussions throughprovocative comments and questions. At
times, the PSTs also contributed to teaching presence through their posts in the discussion
forums. The results demonstrate that the instructor’s role extends beyond the provision of
learning content, and that an active presence must be maintained for students to engage
with content, each other and the instructor. Similar results may not have occurred if the
content had not been suitably relevant, or the lecturer had not been particularly active
or responsive. Even given the favourable conditions, there were several students who did
not post responses or actively engage online through accessing course material or viewing
others’ posts. Future studies could further investigate students’ motivations for posting and
determine whether their engagement could be measured in different ways.

The study has implications for mathematical teacher educators who teach in either the
on-campus or online space. The results indicate that it is possible to orchestrate productive
mathematical discussions online, with a different experience than that produced in class.
The study also demonstrates that discussion boards can be an effective means of commu-
nication, challenging findings that point to the limitations of such forums (e.g. Douglas
et al., 2020). In addition, productive mathematical discussions in a higher education con-
text can differ in nature from classroom discourse, extending to considerations of beliefs
and pedagogical practices. The model that depicted elements of mathematical educational
experience proved useful in considering the role of the instructor and the nature of online
mathematical education, and hopefully will assist mathematical teacher educators with
theorizing the work they do in pre-service teacher education courses. The model could
also be used for MTEs to reflect upon how they might promote mathematical discourse,
particularly in the online environment.
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