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ABSTRACT

Nanofluids play an important role in many different industries for an improvement of heat transfer. The modeling and simulation of such
fluids is developing continuously. Two important models for studying nanofluids are mixture (or single-phase) and two-phase (or
Buongiorno) forms, which have been examined in various ways. Non-Newtonian behavior of nanofluids (shear-thinning and viscoplasticity)
has been observed in experimental tests and simulated in several studies. However, a lattice Boltzmann method (LBM), which can employ
either model depending on the particular non-Newtonian constitutive equation, has not been considered to date within the suite of available
numerical methods. Here, we propose a comprehensive LBM to simulate both Newtonian and non-Newtonian nanofluids. The approach has
the potential to incorporate any format of extra tensor directly and is independent to the relaxation time; the upshot is that our method is
appropriate for studying non-Newtonian nanofluids. The derivations for both models are presented and discussed in some detail. To evaluate
the proposed method, it was compared with previous studies into a benchmark problem, natural convection in a square enclosure filled with
Newtonian nanofluids and non-Newtonian fluids. Then, the applied macroscopic and LBM equations, using the power-law and viscoplastic
models, for the benchmark are derived and the results are presented.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0067744

I. INTRODUCTION

In the 1990s, Choi and Eastmann1 introduced nanofluids as engi-
neered colloids, which consist of a base fluid (or carrier fluid) and a
small volumetric fraction of nanoparticles. The nanoparticles had a con-
siderable effect on the thermal conductivity of the carrier fluid, which
makes nanofluids a viable mechanism for improving the heat transfer in
many different applications.2–6 Two major classes of methodology have
been employed in the previous studies of nanofluids. The first method is
known as the single-phase (or mixture) model, which is easy to analyze
and is efficient computationally since it allows us to idealize the solid/
fluid mixtures as a single fluid with specific thermophysical parameters.
In addition, it was concluded that this method is practicable if the focus
is on the heat transfer.7 This approach has been imposed widely in vari-
ous problems and geometries by employing a suite of numerical meth-
ods in computational fluid dynamics (CFD).7–12

The single-phase model of nanofluids was developed for
non-Newtonian power-law13–15 and viscoplastic16–18 fluids in limited

studies, while it has been observed by many researchers in which
nanofluids demonstrate non-Newtonian behavior in specific volume
fractions, nanoparticles, and configurations.4 The single-phase model
makes many assumptions including ignoring Brownian motion and
omitting the thermophoresis term. Although these simplifications can
affect the estimated heat transfer significantly, the single-phase config-
uration has been adopted for many nanofluid problems owing to its
straightforward and simple implementation in various numerical
approaches coupled to good computational efficiency.

In the mixture model, the thermophysical properties of nano-
fluids are considered as functions of the nanoparticle volume fraction.
The modeling of the thermal characteristics has been refined and
improved with the advent of a growing album of experimental
results.1–6 The first comprehensive two-phase model of nanofluids,
which have been used widely, was proposed by Buongiorno.19 In the
study, aimed at considering the relative velocities of the carrier fluid
and the nanoparticles, seven different terms were evaluated. It was
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found that only two of these, Brownian diffusion and thermophore-
sis, play the key role in nanofluids. Buongiorno’s model was devel-
oped for studying the natural convection with adding an external
force in the form of the gravity by Tzou20,21 and Corcione et al.22

Nield and Kuznetsov23,24 studied the classical Rayleigh–Benard prob-
lem for nanofluids based on the model of Buongiorno. They consid-
ered particles with diameters of tens or hundreds nanometers and
with very small volume fractions. Haddad et al.25 studied
Rayleigh–Benard natural convection with the single- and two-phase
models for CuO–water nanofluids. They found that Brownian and
thermophoresis terms in the two-phase model generate higher heat
transfer compared to the single-phase model. The Buongiorno’s
model was developed for studying nanofluids in porous media to
investigate convection in various configurations, porous models, and
geometries.26–28 The Buongiorno’s model was developed for non-
Newtonian power-law29 and viscoplastic18 fluids in limited studies,
while it has been observed by many researchers in which nanofluids
demonstrate non-Newtonian behavior in specific volume fractions,
nanoparticles, and configurations.4

The lattice Boltzmann method (LBM) is a particle distribution
function method, which has been considered as a strong alternative
numerical method to common macroscopic approaches, which dis-
cretizes governing equations. The algorithm of this method is parallel
and can be simply programmed for complex problems and geome-
tries. In addition, the computational time and cost is significantly
lower than for macroscopic methods, which makes it attractive in
various fields, especially heat and fluid flow problems.30–39 Xuan and
Yao40 developed and introduced an LBM for simulating nanofluids
by considering a series of acting forces including one which repre-
sented the Brownian motion. However, the model did not include
the Thermophoresis and Brownian terms in the energy equation. In
addition, the thermal conductivity and thermal diffusion were not
updated for the nanofluids although they should be altered on con-
sideration of the volume fraction and temperature. Many studies41–52

applied a mixture method in LBM where the thermophysical proper-
ties of nanofluids are calculated and implemented in the non-
dimensional parameters. Limited studies into two-phase model of
nanofluids have been made,53,54 but these types of research did not
show the details and derivations of the applied LBM approach and
concentrated on the results. To the best of our knowledge, there is no
a comprehensive proposed model of LBM for recovering the equa-
tions of energy and nanoparticles in the form of the Buongiorno’s
model and the non-Newtonian behavior of nanofluid in the case of
two-phase and single-phase models.

The main objective of this study is to introduce an LBM for
recovering the equations of the single-phase and two-phase models of
nanofluids with developing the previous macroscopic models to non-
Newtonian nanofluids.

II. THE MACROSCOPIC EQUATIONS
A. Single-phase model

The momentum and energy equations of the incompressible flow
ðr � u ¼ 0Þ of the single-phase model in the absence of the chemical
reactions, radiation, heat source, and the viscous dissipation for the
natural convection were given by7–9

qn
Du
Dt
þrp�r � s ¼ f ; (1)

ðq cÞn
DT
Dt
þr � qc ¼ 0; (2)

where D
Dt ¼ @

@t þ u � r, and the quantities q;u; t; s; p;T; c denote the
density, velocity, time, extra stress tensor, pressure, temperature, and
specific heat, respectively. The subscripts f, p, and n refer to the fluid,
nanoparticle, and nanofluid, respectively. The heat flux (qc) was
defined by the Fourier’s law of conduction (qc ¼ �knrT), where kn is
the thermal conductivity of nanofluid (or the effective thermal con-
ductivity). In Refs. 7–9 and subsequent studies, the nanofluid was
assumed to be Newtonian, so the extra tensor was calculated using
s ¼ ln A, where ln is the nanofluid viscosity (or the effective viscos-
ity), and A is the first Rivlin–Ericksen tensor (A ¼ ruþruT ). In
Refs. 7–9, the nanofluid viscosity was found using the Brinkman’s
model as ln ¼

lf

ð1�/Þ2:5. In the mentioned studies, the nanofluid specific

heat is defined by cn ¼
/qpcpþð1�/Þqf cf

qn
and the nanofluid density was

given by qn ¼ /qp þ ð1� /Þqf . The Maxwell–Garnett approxima-
tion for spherical particles was implemented for the effective (nano-

fluid) thermal conductivity by kn
kf
¼ kpþ2kf�2/ðkf�kpÞ

kpþ2kfþ/ðkf�kpÞ . f is the force per

volume, which was calculated for the case of natural convection by the
Boussinesq approximation as f ¼ ðq bÞn gðTr � TÞ, where
ðq bÞn ¼ ½/qpbp þ ð1� /Þqf bf �. Tr and b are the reference tempera-
ture and the coefficient of thermal expansion, respectively. In the non-
Newtonian nanofluids, the viscosity is written in a specific format of

the shear rate (_c), which is defined by _c ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
2 A : A

q
. It should be

noted that the variables in the relation of the viscosity and shear rate
can be obtained based on important effective parameters such as the
nanoparticle size, temperature, and the volume fraction of
nanoparticles.

B. Two-phase model

Buongiorno19 proposed four governing equations of the two-
phase model for the incompressible flow in the absence of the chemi-
cal reactions, the external forces, radiation, and the viscous dissipation
as follows:

r � u ¼ 0; (3)

qn
Du
Dt
þrp�r � s ¼ 0; (4)

ðq cÞn
DT
Dt
þr � q� hpr � j ¼ 0; (5)

qp
D/
Dt
þr � j ¼ 0: (6)

Here, q is the total heat flux, which is the sum (q ¼ qc þ qd) of the
conduction (qc ¼ �knrT) and the nanoparticle diffusion (qd ¼ hpj).
Furthermore, h is the specific enthalpy defined by h ¼ c T . In Ref. 19,
the form of thermal conductivity (k) for different nanoparticles was
calculated by kn¼ kf ð1þ A/þ B/2Þ, where A and B are constants.
The diffusion mass flux of the nanoparticles (j ¼ jB þ jT) is the
sum of Brownian diffusion (jB) and Thermophoresis (jT) given by
jB ¼ �qpDBr/; and jT ¼ �qpDT

rT
T . The Brownian diffusion coeffi-

cient is defined by DB ¼ kBT
3plf dp

, where kB, dp, and lf are the

Boltzmann constant, nanoparticle diameter, and fluid viscosity,
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respectively. The thermal diffusion coefficient (DT) is given by
DT ¼ -

lf

qf
/, where the proportionality factor (-) is defined by

- ¼ 0:26 kf
2kfþkp. In Ref. 19, the nanofluid was also assumed to be

Newtonian and the mixture was assumed to be dilute, which is
achieved by the condition of /n 1, and it is valid for most cases of
nanofluids (/ < 0:05). Buongiorno’s model was developed for study-
ing the natural convection with adding an external force in the form of
the gravity by Tzou20,21 and Corcione et al.22 Consequently, the
momentum equation was modified as

qn
Du
Dt
¼ �rpþ lnr2uþ f : (7)

III. THE MESOSCOPIC NUMERICAL METHOD
A. The LBM for the momentum equation

The momentum equation for both single- and two-phase models
of nanofluids is the same in the form of Eq. (1). The LBM equation for
recovering the momentum equation can be defined as

@fa
@t
þ ea � rxfa � Fa ¼ �

1
e kf
ðfa � f eqa Þ; (8)

where fa is the particle distribution function in the a direction, e is
velocity at position x, and time t for particles. The parameter e is a
small parameter, and kf is the non-dimensional relaxation time. The
index of a represents different lattice vectors. In this method, it is pos-
sible different lattices with the definition of DmQn, where m and n
represent the dimension and the number of particles. For example of
two-dimensional case, the D2Q9 model and the velocity vectors are
presented as Fig. 1 and will be implemented in this study. Here, r is a
constant, which is selected with considering the numerical stability
and satisfying the Courant–Friedrichs–Lewy (CFL) condition
(Appendix A). The equilibrium particle distribution function f eqa is
found as55–58

f eqa ¼ Aa þ ea � Ca þ ðea � eaÞ : Ka; (9)

where Aa; Ca, and Ka are a constant, a vector, and a matrix, respec-
tively. The parameters in the D2Q9 are found as

A0 ¼ qn �
2p
r2
� qn juj2

r2
; Aa ¼ 0; a ¼ 1;…; 8 (10)

and

Ca ¼
qn u
2r2

; a ¼ 1; 3; 5; 7 ; Ca ¼ 0 ; a ¼ 2; 4; 6; 8: (11)

Next,

Ka ¼
K11 0

0 K22

" #
; a ¼ 1; 3; 5; 7; (12)

K11 ¼
1
2r4
ðpþ qnu

2 � sxxÞ; K22 ¼
1
2r4
ðpþ qnv

2 � syyÞ; (13)

and

Ka ¼
0 K12

K21 0

� �
; a ¼ 2; 4; 6; 8; (14)

K12 ¼ K21 ¼
1
8r4
ðqn uv� sxyÞ: (15)

u and v are velocities in x and y directions. p is the pressure, and
sxx; syy; syx ¼ sxy are the stresses. The force term Fa in (8) can be
defined as

Fa ¼
1
2r2

0; a ¼ 0; 2; 4; 6; 8;

f � ea; a ¼ 1; 3; 5; 7:

(
(16)

The derivations and proves for recovering the momentum equation
are provided in Appendix B.

B. The LBM for recovering the energy equation

In contrast with the momentum equation, the energy equation in
the single- and two-phase models is different. In fact, the single-phase
model is the simplified format of the two-phase model in the absence
of the diffusion mass flux of nanoparticles (j ¼ 0), so first the two-
phase model is discussed and then substitutes the relation of j ¼ 0 in
the equations to find the single-phase relations.

1. Two-phase model

For the energy equation, an energy distribution function ga is
introduced as

@ga
@t
þ ea � rxga � Ga ¼ �

1
ekg
ðga � geqa Þ: (17)

kg is the relaxation time in the collision part of the energy distribution
function. The equilibrium energy distribution function geqa has the fol-
lowing linear form as

geqa ¼ Da þ ea � Ea; (18)

where the scalar parameter Da is defined such that

Da ¼ ðqcÞnT; a ¼ 0 ; Da ¼ 0; a ¼ 1;…; 8: (19)

The vectors Ea are expressed as

Ea ¼
1
2r2
ðqcÞnuT þ q
� �

; a ¼ 1; 3; 5; 7; (20)
FIG. 1. Discrete velocity distribution in D2Q9.
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Ea ¼ 0 ; a ¼ 0; 2; 4; 6; 8: (21)

Finally, the parameter Ga is obtained as

Ga ¼ �hpr � j; a ¼ 1; 3; 5; 7; (22)

Ga ¼ 0; a ¼ 0; 2; 4; 6; 8: (23)

2. Single-phase model

In the single-phase model, the only difference is observed in the
parameters of geqa as

Da ¼ ðqcÞnT; a ¼ 0 ; Da ¼ 0; a ¼ 1;…; 8: (24)

The vectors Ea are revised as

Ea ¼
1
2r2
ðqcÞnuT þ qc
� �

; a ¼ 1; 3; 5; 7; (25)

Ea ¼ 0 ; a ¼ 0; 2; 4; 6; 8; (26)

and

Ga ¼ 0; a ¼ 0;…; 8: (27)

The derivations and proves for recovering the energy equation are pro-
vided in Appendix C.

C. The LBM for recovering the nanoparticle equation
in the two-phase model

For the nanoparticles, a new distribution function sa is employed
as

@sa
@t
þ ea � rxsa ¼ �

1
eks
ðsa � seqa Þ: (28)

The introduced equilibrium nanoparticle distribution function seqa is
defined as

seqa ¼ Pa þ ea �Xa; (29)

where

Pa ¼
qp /; a ¼ 0;

0; a ¼ 1;…; 8

(
(30)

and

Xa ¼
1
2r2

qp u/þ j
� �

; a ¼ 1; 3; 5; 7;

0; a ¼ 2; 4; 6; 8:

8><
>: (31)

The derivations and proves for recovering the nanoparticle equation
are provided in Appendix D.

D. Algorithm

The splitting method is used to solve the distribution function
equations (8), (17), and (28). Hence, the equations are broken into two
parts. The first parts of the equations are called streaming and are
defined as

@fa
@t
þ ea � rxfa � Fa ¼ 0; (32)

@ga

@t
þ ea � rxga � Ga ¼ 0 ; (33)

@sa
@t
þ ea � rxsa ¼ 0 : (34)

Equations (32)–(34) are solved by the finite difference method of Lax
andWendroff.59 The second parts of the functions, which are obtained
from the splitting method, are called collision, which are found as

@fa
@t
¼ � 1

ekf
ðfaðx; tÞ � f eqa ðx; tÞÞ; (35)

@ga
@t
¼ � 1

ekg
ðgaðx; tÞ � geqa ðx; tÞÞ; (36)

@sa
@t
¼ � 1

eks
ðsaðx; tÞ � seqa ðx; tÞÞ: (37)

To solve the above collision equations, ek ¼ Dt and Euler method is
used, so the equations are changed to

faðx; t�Þ ¼ f eqa ðx; tÞ; (38)

gaðx; t�Þ ¼ geqa ðx; tÞ; (39)

saðx; t�Þ ¼ seqa ðx; tÞ; (40)

where t� ¼ t þ Dt. The numerical processes are as follows:

• The boundaries and initial conditions provide us with the first
macroscopic values of ðu; p;T;/Þ, and then, the initial amounts
of f eqa ; g

eq
a , and seqa are calculated using (9), (18), and (29), respec-

tively. This section of the algorithm is considered as the zero
time.

• The initial values of fa; ga, and sa at time t is calculated by the
collision part. In fact, they are equal to the equilibrium distribu-
tion functions.

• With fa; ga, and sa at time t, the next values of the parameters are
calculated by solving the streaming equations of (32), (33), and
(34).

• Using the new calculated fa; ga, and sa, the updated macroscopic
parameters ðu; p;T;/Þ for all grids and boundary conditions are
calculated.

• With the new obtained macroscopic quantities over the domain, the
corresponding f eqa ; g

eq
a , and seqa are renewed in (9), (18), and (29).

• In the collision part, the next time values of fa; ga, and sa, using
(38), (39), and (40) are calculated.

• The mentioned steps are repeated to satisfy the convergence cri-
teria as����qn �

X8
i¼0

fiðx; tÞ
���� < d ;

��� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
junþ1j � junj

p ��� � d ;��� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiTnþ1 � Tn
p ��� � d ;

��� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
/nþ1 � /n

p ��� � d ;

(41)

where d ¼ Dt2.

E. Boundary conditions

In common LBM, different complex equations for each distribution
functions of f, g, s are applied in any specific boundary conditions. Yet,
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in the present study, there is the opportunity to impose various bound-
ary conditions directly, using the macroscopic variables similar to
macroscopic numerical methods. In fact, any format of Neumann and
the Dirichlet boundary conditions of macroscopic parameters (u, T, p,
/) provide the relations or values on the boundaries, which are used
for calculating f eqa ; g

eq
a , and seqa using Eqs. (9), (18), and (29). Then, the

fa; ga, and sa are obtained through the collision part simply, following
Eqs. (38), (39), and (40). The obtained values of fa; ga, and sa on the
boundaries are implemented for finding the interior values of fa; ga,
and sa in the studied grid, using the streaming equations of (32)–(34),
so it demonstrates that we do not need any extra distribution functions
for boundaries and the macroscopic boundaries just need to be written
in the code straightforwardly. It is discussed in detail in Refs. 55–58.

IV. VALIDATION AND NUMERICAL EXAMPLES
A. Power-law model

1. Single-phase model

First, natural convection of nanofluid, which shows power-law
fluid behavior in a two-dimensional cavity with the length of L, is
investigated (see Fig. 2). The left and right vertical walls have high
(TH) and low (TC) temperatures, while the horizontal walls are adia-
batic. In addition, velocity is zero in all boundary conditions in the
enclosure. For the problem, the dimensional momentum and energy
equations of the single phase are (1) and (2), respectively. The force
term (f) is the buoyancy term, which follows the Boussinesq approxi-
mation. The extra stress tensor of the power-law non-Newtonian fluid
is defined by s ¼ K _cðm�1Þ A, following the Ostwald–de Waele model,
where _c, K, and m are the shear rate, the consistency factor, and the
power-law index, respectively, which can be dependent to the volume
fraction, temperature, and the diameter of particles (/;T; d).60–65 The
following ratio and non-dimensional parameters are imposed:

�q ¼ qn

qf
; �c ¼ cn

cf
; �k ¼ kn

kf
; �b ¼ bn

bf
; (42a)

U ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
gbnDTL

p
; u0 ¼ u

U
; x0 ¼ x

L
; (42b)

p0 ¼ p
qf U2

; t0 ¼ t U
L
; s0 ¼ s

K
U
L

� 	m ; (42c)

T 0 ¼ ðT � TCÞ=DT; DT ¼ TH � TC: (42d)

Based on the above non-dimensional variables, the non-dimensional
equations are defined as66–71

r � u0 ¼ 0; (43)

�q
@u0

@t0
þ ðu0 � rÞ u0

� �
¼ �rp0 þ 1ffiffiffiffiffiffi

Gr
p r � s0 þ �q�bT 0ey; (44)

�q�c
@T 0

@t0
þ u0:rT 0

� �
¼

�k

Pr Gr
1

mþ1
r2T 0: (45)

Grashof (Gr), Prandtl (Pr), and Rayleigh (Ra) numbers are obtained as

Gr ¼
qf

2 L3 g bf DT

l2
r

; Pr ¼ lr cf
kf

; Ra ¼ Gr � Pr; (46)

where lr is the reference viscosity, and with considering the relation of
_c 	 U=L, it is found as

lr 	 K _cðm�1Þ 	 K U=Lð Þðm�1Þ 	 K
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
gbfDTL

q
=L

� 	ðm�1Þ
; (47)

with the above definition, the Grashof number is modified as

Gr ¼
qf

2 Lmþ2 ðg bf DTÞ2�m

K2
: (48)

The non-dimensional variables of f eqa in (9) with considering the non-
dimensional macroscopic equations of (43)–(44) are defined as

A0 ¼ �q � 2p0

r2
� �q ju0j2

r2
; Aa ¼ 0; a ¼ 1;…; 8; (49)

and

Ca ¼
�q u0

2r2
; a ¼ 1; 3; 5; 7 ; Ca ¼ 0 ; a ¼ 2; 4; 6; 8: (50)

Next,

K11 ¼
1
2r4

p0 þ �qu02 � 1ffiffiffiffiffiffi
Gr
p s0xx

� 	
; (51)

K22 ¼
1
2r4

p0 þ �qv02 � 1ffiffiffiffiffiffi
Gr
p s0yy

� 	
; (52)

and

K12 ¼ K21 ¼
1
8r4

�q u0v0 � 1ffiffiffiffiffiffi
Gr
p s0xy

� 	
; (53)

where the non-dimensional extra tensors are calculated as

s0xx ¼ 2 _c0ðm�1Þ
@u0

@x0

� 	
; (54)

s0xy ¼ s0yx ¼ _c0ðm�1Þ
@u0

@y0
þ @v

0

@x0

� 	
; (55)

FIG. 2. Schematic for the natural convection of nanofluid in a cavity.
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s0yy ¼ 2 _c0ðm�1Þ
@v0

@y0

� 	
; (56)

where

_c0 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

@v0

@y0

� 	2

þ @u0

@x0

� 	2
" #

þ @u0

@y0
þ @v

0

@x0

� 	2

vuut : (57)

The force term Fa, which is shown in (16) for this problem, is calcu-
lated as

Fa ¼ 0; a ¼ 0; 2; 4; 6; 8; (58a)

Fa ¼
1
2r2

�q �b T 0ey

 �

� ea; a ¼ 1; 3; 5; 7: (58b)

To find the elements of geqa in (18), applying the non-dimensional
energy equations of (45) is calculated by

Da ¼ ð�q �cÞT 0; a ¼ 0 ; Da ¼ 0; a ¼ 1;…; 8; (59)

and

Ea ¼
1
2r2

ð�q�cÞu0T 0 �
�k

Pr Gr
1

mþ1
rT 0

" #
; a ¼ 1; 3; 5; 7; (60)

Ea ¼ 0 ; a ¼ 0; 2; 4; 6; 8; (61)

where Ga¼ 0 in all directions. To validate the current method for the
nanofluid effect on heat transfer, the results are compared with the
study of Khanafer et al.7 for Newtonian fluids (m¼ 1) where they
investigated the natural convection of nanofluid, using the single
model in a square enclosure for various volume fractions and Grashof
numbers. The carrier fluid was water, and the nanoparticles were cop-
per (the physical parameters are presented in the Table I). The viscos-
ity and the thermal conductivity were volume fraction-dependent and
followed the Brinkman and Maxwell–Garnett models. The tempera-
ture in the middle of the cavity at y0 ¼ 0:5 for / ¼ 0:1 in different
Grashof numbers are compared and presented in Fig. 3. The Nusselt
number on the high temperature wall is considered as the criteria for
the assessment of the heat transfer. The local (Nul) and the average
(Nu) Nusselt numbers are defined by

Nul ¼ � @T
0

@x0

� 	
x0¼0

; Nu ¼
ð1
0
Nul dy

0: (62)

Figure 4 demonstrates the values of Nu in different Grashof numbers
and volume fractions for this study and the Khanafer et al.7 ones. It
shows a good agreement between two studies. To validate the accuracy
of the presented code for non-Newtonian fluids, the natural

convection of power-law fluid results is compared with reported
results of Kim et al.66 and Khezzar et al.69 Table II illustrates and com-
pares the ratio of the average Nusselt number Nu� ¼ Num¼m

Num¼1
in various

power-law indexes at Ra ¼ 105 and Pr¼ 100. The applied mesh for
this case is Dx ¼ Dy ¼ 1

150 and the time step is Dt ¼ 10�4 with con-
sidering the shown stability in Appendix A.

It is reported60–65 that the non-Newtonian nanofluids usually
show shear-thinning behavior (m< 1). In addition, we approximate
the power-law index is a constant value and the results (streamlines

TABLE I. Thermophysical properties of water, copper (Cu), alumina (Al2O3), and
ethylene glycol (EG).

Property Water Cu Al2O3 EG

c ðJ=kgKÞ 4179 383 765 2415
q ðkg=m3Þ 997.1 8954 3970 1114
k ðW=mKÞ 0.6 400 40 0.252
b� 105 ðK�1Þ 21 1.67 0.8 57

FIG. 3. Temperature comparison at y0 ¼ 0:5 between present study and the results
of Khanafer et al.7 for / ¼ 0:1.

FIG. 4. Comparison of the average Nusselt number between present study (Black)
and the results of Khanafer et al.7 (red) at Gr ¼ 103ðwÞ;Gr ¼ 104ð�Þ;
Gr ¼ 105ð
Þ.
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and isotherms) are presented at Fig. 5 for power-law index of m¼ 0.6
at Ra¼ 104 in the volume fractions of / ¼ 0 and / ¼ 0:06. It demon-
strates that the addition of nanoparticles strengthens the convection
process with the enhancement of the movement of isotherms and the
expansion of streamlines. The temperature and the velocities in the
middle of the cavity in Figs. 6–8 also confirm the behavior where
the curvature, which presents the rise of heat transfer, augments with
the enhancement of volume fraction gradually. The average Nusselt
numbers for the studied power-law indexes are shown in Fig. 9 for
various volume fractions at Ra ¼ 104. It is clear that the increase in
the volume fraction enhances the average Nusselt number steadily in
various power-law indexes.

Two-phase model

The natural convection of nanofluid (see, Fig. 2), using a
two-phase model based on the dimensional equations (3)–(6) is
solved, using the present method. It should be noted that the
nanoparticle diffusion mass flux on the boundaries is zero (j ¼ 0).
The non-dimensional equations with using the shown non-
dimensional parameters in the single-phase example and intro-
ducing non-dimensional variables in the nanoparticle equation by
/0 ¼ /=/a, where /a is the average volume fraction, which is
found based on the densities of solid particles and fluid with con-
sidering the temperature19 are presented as

r � u0 ¼ 0; (63)

�q
@u0

@t0
þ ðu0 � rÞ u0

� �
¼ �rp0 þ 1ffiffiffiffiffiffi

Gr
p r � s0 þ �q�bT 0ey; (64)

�q�c
@T 0

@t0
þ u0:rT 0

� �

¼ 1

Pr Gr
1

mþ1

�kr2T 0 þ 1
Le
rT 0 � r/0 þ 1

LeNBT
rT 0 � rT 0

� �
; (65)

@/0

@t0
þ u0:r/0

� �
¼ 1

Le Pr Gr
1

mþ1

r2T 0

NBT
þr2/0

� �
: (66)

Lewis number (Le) and NBT are defined as

TABLE II. Comparisons of Nu� for different power-law indexes m at Ra ¼ 105 and
Pr¼ 100.

m 0.6 0.8 1 1.2 1.4

Present study 1.49 1.19 1 0.88 0.81
Kim et al.66 1.46 1.17 1 � � � � � �
Khezzar et al.69 1.48 1.18 1 0.89 0.82
Turan et al.68 1.49 1.19 1 � � � � � �

FIG. 5. Streamlines (the right contour) and isotherms (the left contour) at m¼ 0.6, Ra¼ 104 for / ¼ 0 (–) and / ¼ 0:06 (��).

FIG. 6. The non-dimensional temperature (T 0) in the middle of the cavity (y 0 ¼ 0:5)
for different volume fractions at m¼ 0.6 and Ra¼ 104.
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Le ¼
kf

qpcpDB/a
; NBT ¼

Nb

Nt
; (67)

where NBT is the ratio of the non-dimensional variables of Brownian
motion (Nb) and Thermophoresis parameter (Nt), which are calculated as

Nb ¼
qpcpDB/a

kf
; Nt ¼

qpcpDTDT

kf TC
: (68)

The non-dimensional variables of f eqa to satisfy the equations of (63)
and (64) for the two-phase model are similar to the equations of (49)

and (50). In addition, the shown force term in the equation is the
same as (58a) and (58b). The parameters of geqa are found by

Da ¼ �q�cT 0; a ¼ 0 ; Da ¼ 0; a ¼ 1;…; 8; (69)

and for a ¼ 1; 3; 5; 7

Ea¼
1
2r2

�q�cu0T 0 � 1

PrGr
1

mþ1

�krT 0 þ 1
Le

T 0r/0 þ 1
LeNBT

rT 0
� 	� �

;

(70)

Ea ¼ 0 ; a ¼ 0; 2; 4; 6; 8; (71)

and Ga is calculated by

Ga ¼ �
1
Le

T 0r2/0 � 1
LeNBT

r2T 0; a ¼ 1; 3; 5; 7; (72)

Ga ¼ 0; a ¼ 0; 2; 4; 6; 8: (73)

To achieve the non-dimensional equations of nanoparticles, the
parameters of seqa are written by

Pa ¼
/0; a ¼ 0;

0; a ¼ 1;…; 8;

(
(74)

and for a ¼ 1; 3; 5; 7, we have

Xa ¼
1
2r2

u0/0 � 1

Le Pr Gr
1

mþ1

1
NBT
rT 0 þ r/0

� 	� �
; (75)

but Xa ¼ 0 at a ¼ 0; 2; 3; 6; 8. It is clear that if Nt ¼ Nb ¼ 0, the
momentum and energy equations generate the results of the single-
phase model. The same mesh and time step of single-phase model are
used here (Dx ¼ Dy ¼ 1

150 ; Dt ¼ 10�4). The natural convection of
Newtonian (m ¼ 1Þ nanofluid of alumina–water (the physical param-
eters are presented in the Table I) using the two-phase model was
studied by Corcione et al.,22 while they neglected the effects of
Brownian and thermophoretic in the energy equation (65) and just

FIG. 7. The non-dimensional vertical velocity (v0) in the middle of the cavity
(y 0 ¼ 0:5) for different volume fractions at m¼ 1 and Ra¼ 104.

FIG. 8. The non-dimensional horizontal velocity (u0) in the middle of the cavity
(x0 ¼ 0:5) for different volume fractions at m¼ 1 and Ra¼ 104.

FIG. 9. The average Nusselt number for different power-law indexes and volume
fractions at Ra ¼ 104.
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considered their influence in the format of their ratio (NBT) in the
nanoparticle equation (in Ref. 19 was mentioned, we can ignore the
parameters in the energy equation in this case due to the high values
of LeNBT ). In fact, the single-phase energy equation was applied in
Ref. 22. They used temperature- and the nanoparticle diameter-
dependent properties in their study as

�k ¼ 1þ 4:4Ren
0:4Pr0:66

T
Tfr

� 	10 kp
kf

 !0:03

/0:66: (76)

Tfr is the freezing point of the base fluid (for this case, it is water) at TC
(which was considered at TC¼ 293K) and the nanoparticle Reynolds
number (Ren) was defined as

Ren ¼
2qf kBT

plf
2dp

(77)

and

ln

lf
¼ 1

1� 34:87ðdp=df Þ�0:3/1:03 ; (78)

where df is the equivalent diameter of the base fluid molecule at TC
and calculated by

df ¼ 0:1
6M

Npqm

� �1=3
: (79)

Here, N;M; qm are the constant Avogadro number, the molar mass,
and the mass density at TC for the carrier fluid, respectively. In Fig. 10,
the temperature distribution in the middle of the cavity is compared
and validated with the study of Ref. 22 for the case of dp ¼ 25 nm, and
/a ¼ 0:04 [it should be noted that in Ref. 22 for this case, the temper-
ature difference of DT ¼ 10K (305–315K) and the cavity length of
L¼ 0.01 were applied]. The streamlines and isotherms are also vali-
dated for the mentioned problem in Fig. 11, which demonstrates a
good agreement with the results of Ref. 22 (for the considered parame-
ters, the equal Rayleigh number is Ra ¼ 3:37� 105). The applied
mesh for this simulation is Dx ¼ Dy ¼ 1

300, and the time interval is
Dt ¼ 10�4. Figure 12 depicts the residual of the difference between
the distribution function and the density of nanofluid
(jqn �

P8
i¼0 fiðx; tÞj < d) against the number of iteration for the case

study. It demonstrates that the code is converged with the criteria of
d ¼ Dt2 close to 9� 105 iteration.

It was reported by Minakov et al.16 that the nanofluid of ethylene
glycol and alumina in small particle sizes [dp � 50 nm] shows non-
Newtonian power-law model with different ranges of power-law
indexes from m¼ 0.572 to m¼ 0.850 in different particle sizes. To
simulate the non-Newtonian nanofluid of ethylene glycol and alumina
with the two-phase model with considering the reported values
for dp ¼ 10 nm; /a ¼ 0:04, and DT ¼ 10K, the parameters are

FIG. 10. The comparison of temperature distribution in the middle of the cavity
between current code (–) and the results of Corcione et al.22 (w) for dp ¼ 25 nm,
and /a ¼ 0:04.

FIG. 11. The streamlines (the right contour) and isotherms (the left contour) for dp ¼ 25 nm, and /a ¼ 0:04.
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considered at Le ¼ 104 and NBT¼ 0.2 for different Grashof numbers
of Gr ¼ 103; 5� 103; 104 and fixed power-law indexes of m ¼ 0:6;
0:8; and 1. In Fig. 13, the streamlines, isotherms, and nanoparticle dis-
tribution of the studied case are provided for the power-law indexes of
m¼ 0.6 and m¼ 1 at Gr ¼ 5� 103. It is shown that the convection
intensity strengthens as the power-law index declines, which is
observed in the isotherms and streamlines clearly. The nanoparticle
distribution behaves similarly in the both power-law indexes, and it is
the same as the reported nanoparticle concentration contour in Ref.
22, where the maximum and minimum values of volume fractions are
concentrated on the walls of the cavity and nanoparticles are aggre-
gated symmetrically. The average Nusselt number ratio (Nu� ¼ Num¼m

Num¼1
)

for evaluated power-law indexes and Grashof numbers is depicted in
Fig. 14. It shows that the influence of nanoparticles enhances with the
rise of Grashof numbers and drop of power-law index. The Sherwood
number is a criterion for studying mass transfer where the local (Shl)
and the average (Sh) Sherwood numbers are defined by

Shl ¼ � @/
0

@x0

� 	
x0¼0

; Sh ¼
ð1
0
Shl dy

0: (80)

Since the boundary condition of zero total mass flux (j ¼ 0) is selected
on the hot wall (x0 ¼ 0), the following relation on the hot wall is
obtained as

FIG. 12. The residual of the difference between the distribution function and the
density of nanofluid against the number of iteration.

FIG. 13. The isotherms (the first column), the streamlines (the second column), and the nanoparticles distribution (the right column) at dp ¼ 25 nm; /a ¼ 0:04; Gr ¼
5� 103 for (a) m¼ 0.6 and (b) m¼ 1.
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@/0

@x0
¼ � 1

NBT

@T 0

@x0
: (81)

So, the local and average Sherwood numbers can be found through the
Nusselt number as

Shl ¼
1

NBT
Nul; Sh ¼ 1

NBT
Nu: (82)

The local Sherwood number (Shl) on the hot wall for different power-
law indexes is presented in Fig. 15 for dp ¼ 25 ðnmÞ; Gr ¼ 104,
NBT¼ 0.2, and /a ¼ 0:04. It demonstrates Shl decreases gradually

with the rise of power-law index, and the maximum difference of this
value in the studied power-law index is observed close to the horizon-
tal bottom wall. The average Nusselt number also is calculated and
shown in Fig. 16 at dp ¼ 25 nm, and /a ¼ 0:04 for various Grashof
numbers and power-law indexes. As it was expected, it follows the
same behavior of the average Nusselt number with a factor of NBT.

B. Viscoplastic nanofluid

In some cases of nanofluids, a viscoplastic behavior was
observed.16 In addition, in some studies, the effects of nanoparticles on
heat transfer are studied in viscoplastic fluids.17,18 In viscoplastic mate-
rial, it flows like a regular fluid when the yield stress (sy) is higher or
equal to the magnitude of the extra stress tensor (s) (in this case, this
part is known yielded) and it remains solid or move in a rigid format
when the yield stress is less than the magnitude of the extra stress ten-
sor (in this case, this part is known unyielded).72 Multifarious models
and approximations are suggested and introduced for the viscoplastic
fluids, but in most experimental non-Newtonian nanofluids cases, for
example, the ethylene glycol nanofluids have shown a
Herschel–Bulkley (HB) pattern, which also covers the shear thinning
trend of nanofluids.16,73–75 The HBmodel is defined as72

A ¼ 0; jsj � sy;

s ¼ KH _cðm�1Þ þ sy
_c

� 	
A ; jsj > sy �

8<
: (83)

KH is the consistency factor for the HB model and jsj is defined by

jsj ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
1
2
s : s

r
: (84)

One model, which is utterly equivalent to the HB model, is introduc-
ing a traceless tensor (II)72 in the model to distinguish the yielded and

FIG. 14. The average Nusselt number ratio (Nu�) in different power-law indexes for
dp ¼ 25 nm, and /a¼ 0.04 at Gr ¼ 103ð
Þ;Gr ¼ 5� 103ðwÞ;Gr ¼ 104ð�Þ.

FIG. 15. The local Sherwood number (Shl ) in different power-law indexes for
dp ¼ 25 nm; Gr ¼ 104, and /a ¼ 0:04.

FIG. 16. The average Sherwood number (Sh) in different power-law indexes and
Grashof numbers for dp ¼ 25 nm and /a ¼ 0:04.
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unyielded regions, which has been applied here for the HB model
as72,76–78

s ¼ KH _cðm�1ÞAþ
ffiffiffi
2
p

sy II; 1 : II ¼ 0: (85)

The traceless tensor is called the viscoplasticity constraint tensor and is
discussed in detail in Refs. 72 and 76–78. Appendix E explains the con-
ditions and process of obtaining the tensor.

To study the viscoplastic nanofluid using the two-phase model,
the benchmark of natural convection is investigated (see Fig. 2) with
the mentioned boundary conditions. The non-dimensional parameters
are similar to (42a)–(42d) and are written as

q̂ ¼ qn

qf
; ĉ ¼ cn

cf
; k̂ ¼ kn

kf
; b̂ ¼ bn

bf
; (86a)

U ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
gbnDTL

p
; û ¼ u

U
; x̂ ¼ x

L
; (86b)

p̂ ¼ p
qf U2

; t̂ ¼ t U
L
; ŝ ¼ s

KH
U
L

� 	m ; (86c)

T̂ ¼ ðT � TCÞ
DT

; DT ¼ TH � TC; /̂ ¼ /
/a
: (86d)

So, the non-dimensional equations are generated similar to (63)–(66)
as

r � û ¼0; (87)

q̂ @
û
@
t̂ þ ðû�rÞ û� ¼ � rp̂ þ 1ffiffiffiffiffiffi

Gr
p r � ŝ þ q̂b̂T̂ey;

�
(88)

q̂ĉ
@T̂

@ t̂
þ û:rT̂

� �
¼ 1

Pr Gr
1

mþ1
k̂r2T̂ þ 1

Le
rT̂ � r/̂

�

þ 1
LeNBT

rT̂ � rT̂
�
; (89)

@/̂

@ t̂
þ û:r/̂

" #
¼ 1

Le Pr Gr
1

mþ1

r2T̂
NBT
þr2/̂

" #
: (90)

The non-dimensional parameters follow the definitions of the power-
law model as

Gr ¼
qf

2 Lmþ2 ðg bf DTÞ2�m

KH
2

; (91)

Pr ¼
cf KH

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
gbfDTL

q
=L

� 	ðm�1Þ
kf

; (92)

Le ¼
kf

qpcpDB/a
; NBT ¼

DB/aTC

DTDT
: (93)

As it was mentioned, the non-dimensional equilibrium distribution
lattice function (f eqa ) can be defined as

f eqa ¼ Aa þ ea � Ca þ ðea � eaÞ : Ka; (94)

A0 ¼ q̂ � 2p̂
r2
� q̂ jûj2

r2
; Aa ¼ 0; a ¼ 1;…; 8; (95)

and

Ca ¼ q̂
û
2r2

; a ¼ 1; 3; 5; 7 ; Ca ¼ 0 ; a ¼ 2; 4; 6; 8: (96)

Next,

K11 ¼
1
2r4

p̂ þ q̂û2 � 1ffiffiffiffiffiffi
Gr
p ŝxx

� 	
;

K22 ¼
1
2r4

p̂ þ q̂v̂2 � 1ffiffiffiffiffiffi
Gr
p ŝyy

� 	
;

(97)

and

K12 ¼ K21 ¼
1
8r4

q̂ ûv̂ � 1ffiffiffiffiffiffi
Gr
p ŝxy

� 	
: (98)

In fact, the parameters of f eqa are like the equations of (49)–(53), but
the extra stress tensors are calculated by

ŝxx ¼ 2 _c00ðm�1Þ
@û
@x̂

� 	
þ

ffiffiffi
2
p

Bn IIxx; (99)

ŝyy ¼ 2 _c00ðm�1Þ
@v̂

@ŷ

� 	
þ

ffiffiffi
2
p

Bn IIyy; (100)

ŝxy ¼ _c00ðm�1Þ
@û
@ŷ
þ @v̂
@x̂

� 	
þ

ffiffiffi
2
p

Bn IIxy; (101)

where the non-dimensional parameter of Bingham number is written
as

Bn ¼
sy Lm

KH Um
(102)

and

_c00 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

@v̂

@ŷ

� 	2

þ @û
@x̂

� 	2
" #

þ @û
@ŷ
þ @v̂
@x̂

� 	2

vuut ; (103)

where the non-dimensional format of the projection operation
between the two time steps of n and nþ 1 for obtaining the viscoplas-
ticity constraint tensor in Appendix E is defined as

IInþ1 ¼ PRMðIIn þ Bn PrAnÞ: (104)

The force term and the parameters of geqa and seqa are the same as the
presented equations in the case of power-law model for the two-phase
model. The force term Fa, which is shown in (16) for this problem, is
recalled as

Fa ¼ 0; a ¼ 0; 2; 4; 6; 8; (105a)

Fa ¼
1
2r2

q̂ b̂ T̂ey
� 

� ea; a ¼ 1; 3; 5; 7: (105b)

To find the elements of geqa in (18), applying the non-dimensional
energy equations is calculated by

geqa ¼ Da þ ea � Ea; (106)

Da ¼ q̂ ĉT̂ ; a ¼ 0 ; Da ¼ 0; a ¼ 1;…; 8; (107)

and for a ¼ 1; 3; 5; 7
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TABLE III. Comparison of the average Nusselt number (Nu) in different Bingham numbers for Pr¼ 1, m¼ 1, Ra¼ 104 and 105.

Bn¼ 0 Bn¼ 0.5 Bn¼ 1 Bn¼ 1.5 Bn¼ 2 Bn¼ 2.5 Bn¼ 3

Ra¼ 104

Turan et al.79 2.23 2.00 1.70 1.43 1.21 1.10 1.00
Huilgol and Kefayati76 2.23 1.91 1.65 1.49 1.34 1.21 1.1
Present study 2.22 1.94 1.67 1.46 1.28 1.16 1.05
Ra¼ 105

Turan et al.79 4.60 � � � 3.89 � � � 3.45 � � � 2.95
Huilgol and Kefayati76 4.60 � � � 3.89 � � � 3.46 � � � 3.16
Present study 4.58 � � � 3.90 � � � 3.44 � � � 3.05

FIG. 17. The contours of isotherms (the top left), the streamlines (the top right), the yielded/unyielded (the bottom left), and the nanoparticles distribution (the bottom right) at
Gr ¼ 104; /a ¼ 0:04, and Bn¼ 0.5.
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Ea ¼
1
2r2

q̂�cûT̂� 1

Pr Gr
1

mþ1
k̂rT̂ þ 1

Le
T̂r/̂ þ 1

LeNBT
rT̂

� 	� �
;

(108)

Ea ¼ 0 ; a ¼ 0; 2; 4; 6; 8; (109)

and Ga is calculated by

Ga ¼ �
1
Le

T̂r2/̂ � 1
LeNBT

r2T̂ ; a ¼ 1; 3; 5; 7; (110)

Ga ¼ 0; a ¼ 0; 2; 4; 6; 8; (111)

seqa ¼ Pa þ ea �Xa: (112)

To achieve the non-dimensional equations of nanoparticles, the
parameters of seqa are written by

Pa ¼
/̂; a ¼ 0;

0; a ¼ 1;…; 8;

(
(113)

and for a ¼ 1; 3; 5; 7, we have

Xa ¼
1
2r2

û/̂� 1

Le Pr Gr
1

mþ1

1
NBT
rT̂ þr/̂

� 	� �
; (114)

where Xa ¼ 0 at a ¼ 0; 2; 3; 6; 8. The code was used to study isother-
mal and thermal benchmark problems filling with viscoplastic fluids
before in Refs. 77–85. The present HB model for natural convection of
viscoplastic fluid is compared with reported results of Turan et al.79

and Huilgol and Kefayati.76 Table III depicts and compares the average
Nusselt number in various Bingham numbers for Pr¼ 1, m¼ 1,
Ra¼ 104 and 105.

For the volume fraction of /a ¼ 0:04 and dp ¼ 11 nm of ethyl-
ene glycol–alumina, viscoplastic HB behavior was observed16 where
the values of sy ¼ 121:8 mPa, KH ¼ 57:67 mPa sm, and m¼ 0.692
were reported, so this case has been selected to be investigated in this
benchmark for different Grashof numbers of Gr ¼ 103; 5� 103; 104

and Bingham numbers of Bn ¼ 0:1; 0:5 and 1 at Le ¼ 104, NBT¼ 0.2,
and DT ¼ 10 K. The grid size of Dx ¼ Dy ¼ 1

300 and the time step of
Dt ¼ 10�4 are applied for this study. The contours of the studied
case are shown in Fig. 17. It shows the maximum concentration of
nanoparticles is present on the walls of the cavity similar to the
shear-thinning case. In addition, the unyielded part (the black sec-
tion) has a symmetric behavior similar to the reported trend for
pure fluids in natural convection of viscoplastic fluids.72,76–78

Figure 18 demonstrates that the increase in Bingham number,
which has a direct relation with the yield stress, declines the con-
vection process gradually and it is evident with the change of the
temperature distribution behavior and decrease in the curvature of
the profile. In Fig. 19, it is observed that the average Nusselt num-
ber declines steadily as the Bingham number rises in different
Grashof numbers. The effect of Bingham number on the local
velocity in the middle of the cavity is presented in Figs. 20 and 21,
which illustrates the horizontal and vertical velocities drop gradu-
ally with the rise of Bingham number or the increase in the yield
stress. The average Sherwood numbers can be found easily
through the average Nusselt number with the multiplication of
1=NBT , so it can be displayed in the form of Fig. 22, so Sh shows
the same trend of Nu against Bingham number in the studied
Grashof numbers.

V. CONCLUSION

The objective of this study was to introduce and develop an inno-
vative Lattice Boltzmann method (LBM), which recovers the govern-
ing macroscopic equations of nanofluids for both single- and two-
phase models, while it has the ability to deal with non-Newtonian
behavior of nanofluids. The developed LBM has a different equilib-
rium density distribution function compared to the conventional
Maxwell function, and it is a quadratic, which recovers all parts of the
momentum equations directly, so it provides the opportunity to
impose the desirable extra tensors and nanofluid thermophysical

FIG. 18. The non-dimensional temperature in the middle of the cavity (ŷ ¼ 0:5) for
different Bingham numbers at Gr ¼ 104 and /a ¼ 0:04.

FIG. 19. The average Nusselt number for different Bingham and Grashof numbers
at /a ¼ 0:04.
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properties directly in this function. The same advantages are observed
in the energy equation and the nanoconcentration equation for the
two-phase model where we can apply the properties values in the
parameters of the suggested equilibrium distribution functions easily.
In contrast to common LBM, which is required to use specific rela-
tions for distribution functions, the boundary conditions are employed
directly, so any types of boundaries including Neumann and Dirichlet
ones can be utilized for the fluid flow, energy, and concentration parts
simply, which makes the approach more convenient and practical
than common LBMs. To have a continuous stability in this method, a

parameter is introduced, which can be altered based on the macro-
scopic the values and also satisfies the required CFL conditions regu-
larly in the numerical marching and process. The common
benchmark for studying the effect of different nanofluids, which has a
Newtonian trend, on heat transfer in computational fluid dynamics
(CFD) is natural convection in an enclosed cavity. The required
dimensional and non-dimensional macroscopic and LBM equations
for the single- and two-phase models were derived and presented in
detail for the problem and the results illustrated a good agreement
with previous CFD studies into Newtonian nanofluid for the selected
benchmark problem. The experimental results from previous pub-
lished studies demonstrated that some nanofluids with specific proper-
ties show non-Newtonian shear-thinning and Herschel–Bulkley (HB)
behavior, so the models applied for the case of natural convection of
nanofluids in a cavity based on the reported experimental results. It
was observed that the average Nusselt number, which can be consid-
ered as an element for assessing the intensity of heat transfer process,
declines by that the drop of power-law index in the power-law model
of non-Newtonian nanofluid similar to pure fluids. The average
Nusselt number ratio proved that the increase in Grashof number,
which shows the ratio of the buoyancy to viscous force, enhances the
effect of power-law index, so the effective parameters that can alter the
Grashof number such as the temperature difference DT can change
the influence of the power-law index. To apply the HB model, a trace-
less tensor is imposed to this model, which can distinguish the yield
and unyielded zones clearly. In addition, there is no assumptions are
employed for this approach. The two-phase model of nanofluid was
used and the results of the introduced HB model based on the experi-
mental data are reported. Interestingly, it was observed the maximum
concentration of the nanoparticles is aggregated on the walls similar to
the shown results of power-law fluids. In addition, symmetric
unyielded/yielded zones are generated for the natural convection in
the cavity like viscoplastic fluids in the absence of nanoparticles. In the
experiment, results were reported that the increase in the volume

FIG. 20. The local non-dimensional horizontal velocity at x̂ ¼ 0:5 for Gr ¼ 104

and /a ¼ 0:04.

FIG. 21. The local non-dimensional vertical velocity at ŷ ¼ 0:5 for Gr ¼ 104 and
/a ¼ 0:04.

FIG. 22. The average Sherwood number for different Bingham and Grashof num-
bers at /a ¼ 0:04.
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fraction of nanoparticle augments the yield stress (sy) and, as a result,
the Bingham number, so the effect of Bingham number was evaluated
on heat transfer and the outcomes were similar to regular viscoplastic
fluids in the benchmark problem. In fact, the rise of Bingham number
declines heat transfer gradually and the unyielded regions are
expanded.

In future studies, the model will be developed for three-
dimensional cases. In addition, the model has the potential to be con-
sidered for various velocities, thermal, and concentration boundary
conditions, so it can be employed for any different cases and bound-
aries. Further, for curved boundaries, the method has the potential to
be expanded with immersed boundary method, which was intro-
duced86 recently and makes the proposed method suitable for any
complex curved boundaries. Further, the convection of Newtonian
and non-Newtonian nanofluids through porous media with imple-
menting the proposed method in our recent work.87
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NOMENCLATURE

A First Rivlin–Ericksen tensor ð1=sÞ
a Acceleration ðm=s2Þ

Bn Bingham number
c Nanofluid specific heat capacity ðJ=kgKÞ

DB Brownian diffusion coefficient ðm2=sÞ
DT Thermal diffusion coefficient ðm2=sÞ
dp Nanoparticle diameter ðmÞ
e Discrete lattice velocity ðm=sÞ
ey Unit vector in y direction
F Discrete body force ðkg=m3 sÞ
f External forces in the control volume ðN=m3Þ
f Density distribution functions ðkg=m3Þ

feq Equilibrium density distribution functions ðkg=m3Þ
G Discrete source term in the energy distribution functions

ðW=m3Þ
g Internal energy distribution functions ðJ=m3Þ
g Gravity acceleration ðm=s2Þ

geq Equilibrium internal energy distribution functions ðJ=m3Þ
Gr Grashof number
h Specific enthalpy ðJ=kgÞ
j Total nanoparticle mass flux ðkg=m2 sÞ
jB Nanoparticle mass flux due to Brownian diffusion ðkg=m2 sÞ
jT Nanoparticle mass flux to thermophoresis ðkg=m2 sÞ
K Consistency factor of power-law model ðPa smÞ
k Thermal conductivity ðW=mKÞ
kB Boltzmann constant ðJ=KÞ
KH Consistency factor of Herschel–Bulkley model ðPa smÞ
Kn Knudsen number
L Length of the cavity ðmÞ
Le Lewis number
m Power-law index

NBT Ratio of Brownian and thermophoretic diffusivities
Nu Average Nusselt number
p Pressure (Pa)

Pr Prandtl number
q Total heat flux ðW=m2Þ
qc Heat flux of conduction ðW=m2Þ
qd Heat flux due to nanoparticle diffusion ðW=m2Þ
Ra Rayleigh number
Re Reynolds number
sa Concentration distribution functions of nanofluids

ðkg=m3 sÞ
seqa Equilibrium concentration distribution functions of nano-

fluids ðkg=m3 sÞ
Sh Sherwood number
T Temperature (K)
t Time ðsÞ

x, y Cartesian coordinates ðmÞ
U The buoyancy velocity scale ðm=sÞ
u Velocity in x direction ðm=sÞ
v Velocity in y direction ðm=sÞ

Greek letters

b Thermal expansion coefficient ð1=KÞ
_c Shear rate ð1=sÞ

Dt Time increment ðsÞ
Dx Lattice spacing in x direction ðmÞ
Dy Lattice spacing in y direction ðmÞ

e Small parameter for expansion
k Relaxation time ðsÞ
l Dynamic viscosity (Pa s)
q Density ðkg=m3Þ
s Extra stress tensor (Pa)

sy Yield stress (Pa)
/ Nanoparticle volume fraction
- Thermophoretic coefficient
II Viscoplasticity constraint tensor

Subscripts

C Cold
f Fluid
H Hot
l Local
n Nanofluid
p Nanoparticles
r Reference
a Direction a in a lattice

APPENDIX A: SELECTING APPROPRIATE R

We can write the distribution function in different directions
by

f eq0 ¼ A0; f eq1 ¼
qn

2r
uþ r2K11; (A1)

f eq5 ¼ �
qn

2r
uþ r2K11; (A2)

f eq3 ¼
qn

2r
vþ r2K22; f eq7 ¼ �

qn

2r
vþ r2K22; (A3)

f eq2 ¼ f eq6 ¼ K12; f eq4 ¼ f eq8 ¼ �K12: (A4)
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So, with multiplying the above relations of (A1)–(A4) by jej2=2 , we
have

X8
a¼0

1
2
f eqa jeaj2 ¼ pþ 1

2
qnjuj2 �

sxx þ syy
2

; (A5)

with the relation for the force term in the text, we can show

X8
a¼0

Fajeaj2 ¼ 0: (A6)

In addition, the streaming part of the Lattice Boltzmann equation
(LBE) and the initial value of fa is substituted with f eqa and is written
as

@f eqa

@t
þ ea � rxf

eq
a � Fa ¼ 0; (A7)

with the importing the above relations in (A7)

@

@t
pþ 1

2
qnjuj2 �

sxx þ syy
2

� �
þ r2

2
qnðr � uÞð Þ ¼ O eð Þ: (A8)

The Courant–Friedrichs–Lewy (CFL) condition gives

! ¼ uDt
Dx
þ vDt

Dy
� 1; (A9)

the incompressibility and unique pressure generates sxx þ syy ¼ 0.
Consequently, (A8) is defined by

juj2 þ 2p
qn

� �
þ r2! ¼ O eð Þ: (A10)

Thus,

r ¼ 1ffiffiffiffi
!
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�����2pqn
� juj2

����
s

: (A11)

APPENDIX B: THE LBM FOR RECOVERING THE
MOMENTUM EQUATION

The basic equation of the single particle distribution function
[f ¼ f ðx; e; tÞ] is presented by Df

Dt ¼ Qðf Þ, and we have

Df
Dt
¼ @f
@x

Dx
Dt
þ @f
@e

De
Dt
þ @f
@t

Dt
Dt
; (B1)

where

Dx
Dt
¼ e ;

De
Dt
¼ a: (B2)

Here, e is velocity at position x and time t for particles and a is the
particles acceleration. Q(f) is the collision operator, which satisfies
the governing macroscopic equations, including the mass, momen-
tum, and energy conservation. The Bhatnagar–Gross–Krook (BGK)
collision approximation is usually applied for the collision part and
calculated as

Qðf Þ ¼ 1
k
ðf � f eqÞ; (B3)

where k is the collision relaxation time, and f eqa is the equilibrium
lattice function. The discretized non-dimensional form of LBE with
applying the BGK model can be written as

@fa
@t
þ ea � rxfa þ a � refa ¼ �

1
e kf
ðfa � f eqa Þ: (B4)

The parameter e is a small parameter, which plays the role of the
Knudsen number (Kn) for considering the order of terms and
quantities in the equations. kf is the non-dimensional relaxation
time ðkf ¼ k=DtÞ. The third term of (B4), which contains the accel-
eration for a unit mass, is defined as

a � refa � �Fa: (B5)

The conditions, which should be applied for the force term (Fa) in
D2Q9, are

X8
a¼0

Fa ¼ 0;
X8
a¼0

Faea ¼ f : (B6)

So, (B4) is modified as

@fa
@t
þ ea � rxfa � Fa ¼ �

1
e kf
ðfa � f eqa Þ: (B7)

In this approach, we apply basic assumptions and relation between
f eqa and the macroscopic parameters to satisfy the mass and
momentum equations. For a two-dimensional case with applying
the D2Q9, the mentioned conditions are

X8
a¼0

f eqa ¼ qn;
X8
a¼0

f eqa ea ¼ qn u; (B8)

X8
a¼0

f eqa ea � ea ¼ M2; (B9)

X8
a¼0

f ðaÞa ¼ 0; a � 1 ;
X8
a¼0

f ðaÞa ea ¼ 0; a � 1: (B10)

The matrixM2 is defined by

M2 ¼
qn u

2 þ p� sxx qn uv� sxy
qn uv� sxy qn v2 þ p� syy

" #
: (B11)

A Chapman–Enskog type expansion for fa has the following
expansion:

fa ¼ f eqa þ ef ð1Þa þ e2f ð2Þa þ Oðe3Þ; (B12)

if we substitute Eq. (B12) in Eq. (B7) and sum the resultant equa-
tion, we have

@

@t

X8
a¼0

f eqa

 !
þr �

X8
a¼0

f eqa ea

 !
�
X8
a¼0

Fa ¼ �
X8
a¼0

1
kf
f ð1Þa þ OðeÞ;

(B13)

since we are considering the incompressible flow (qn ¼ constant)
and applying the mentioned relations in (B8)–(B10), it results in
the continuity equation as
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qnðr:uÞ ¼ 0þ OðeÞ: (B14)

If we multiply Eq. (B7) by ea and sum over it, we have

@

@t

X8
a¼0

f eqa ea

 !
þ
X8
a¼0

ea � rf eqa � ea

 �
 �

�
X8
a¼0

Faea

¼ �
X8
a¼0

1
kf
f ð1Þa ea þ OðeÞ; (B15)

where

ea � rf eqa � ea

 �

¼ r � f eqa ea � ea

 �

; (B16)

with considering the cited conditions in (B7)–(B12), one obtains

qn
@u
@t
þr �M2 � f ¼ 0þ OðeÞ; (B17)

with substituting the parameters of M2 in (B17), the momentum
equation is given by

qn
@u
@t
þ ðu:rÞu

� �
þrp�r � s� F ¼ 0þ OðeÞ; (B18)

where (B18) shows the LBM equations recover the momentum
equation.

APPENDIX C: THE LBM FOR RECOVERING THE
ENERGY EQUATION

1. Two-phase model

The energy distribution function ga is written as

@ga
@t
þ ea � rxga � Ga ¼ �

1
ekg
ðga � geqa Þ: (C1)

The conditions of ga and the equilibrium energy distribution func-
tion geqa , which should be applied to satisfy the energy equation, are

X8
a¼0

gðnÞa ¼ 0; n � 1 ;
X8
a¼0

geqa ¼ ðqcÞnT; (C2)

X8
a¼0

geqa ea ¼ ðqcÞnTuþ q; (C3)

X8
a¼0

Ga ¼ �hpr � j: (C4)

If the ga is expended by the Chapman–Enskog expression as

ga ¼ geqa þ egð1Þa þ e2gð2Þa þ Oðe3Þ : (C5)

With substitution of Eq. (C5) in (C1), we have

@

@t

X8
a¼0

geqa

 !
þr �

X8
a¼0

geqa ea

 !
�
X8
a¼0

Ga ¼ �
X8
a¼0

1
kg
gð1Þa þ OðeÞ:

(C6)

Considering the mentioned conditions in (C2)–(C4) and applying
through (C6), one finds that

@

@t
ðqcÞnT

 �

þr ðqcÞnTuþ q

 �

þ hpr � j ¼ 0þ OðeÞ; (C7)

where

r � ðTuÞ ¼ T � ðr � uÞ þ u � ðrTÞ  u � rT (C8)

and

r � ðhpjÞ ¼ hp � ðr � jÞ þ j � ðrhpÞ: (C9)

Thus,

ðqcÞn
@T
@t
þ u � rT

� �
þr � q� hpr � j ¼ 0þ OðeÞ: (C10)

2. Single-phase model

In the single-phase model, the energy distribution function
equations in (C1) and the applied relation in (C2) are the same.
The (C3) and (C4) are modified as

X8
a¼0

geqa ea ¼ ðqcÞnTuþ qc; (C11)

X8
a¼0

Ga ¼ 0; (C12)

with using the Chapman–Enskog expression in (C5) and applying
the updated conditions in (C6), (C7) is changed as

@

@t
ðqcÞnT

 �

þr ðqcÞnTuþ qc

 �

¼ 0þ OðeÞ; (C13)

with considering (C8)–(C9), we find that

ðqcÞn
@T
@t
þ u � rT

� �
þr � qc ¼ 0þ OðeÞ: (C14)

Hence, (C14) represents the energy equation for the single-phase
model.

APPENDIX D: THE LBM FOR RECOVERING THE
NANOPARTICLE EQUATION IN THE TWO-PHASE
MODEL

The nanoparticle distribution function sa is

@sa
@t
þ ea � rxsa ¼ �

1
eks
ðsa � seqa Þ: (D1)

The introduced equilibrium nanoparticle distribution function seqa is
defined as

X8
a¼0

sðnÞa ¼ 0; n � 1 ;
X8
a¼0

seqa ¼ qp/; (D2)

X8
a¼0

seqa ea ¼ qp/uþ j ; (D3)

with the Chapman–Enskog expression, the sa is defined as
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sa ¼ seqa þ esð1Þa þ e2sð2Þa þ Oðe3Þ : (D4)

Applying Eq. (D4) in (D1) and summing them over the particles,
we have

@

@t

X8
a¼0

seqa

 !
þr �

X8
a¼0

seqa ea

 !
¼ �

X8
a¼0

1
ks
sð1Þa þ OðeÞ; (D5)

using (D2) and (D3) in (D5), one finds that

@

@t
qp/

 �þr � qp/uþ j


 � ¼ 0þ OðeÞ; (D6)

where

r � ð/uÞ ¼ / � ðr � uÞ þ u � ðr/Þ  u � r/; (D7)

so,

qp
@/
@t
þ u � r/

� �
þr � j ¼ 0þ OðeÞ: (D8)

Here, (D8) shows the equation of nanoparticles.

APPENDIX E: THE VISCOPLASTICITY CONSTRAINT
TENSOR

The symmetric traceless tensor II has the following conditions:

1 : II ¼ 0; (E1a)

II : II < 1; A ¼ 0; (E1b)

II : II ¼ 1; A 6¼ 0: (E1c)

The above presented conditions provide the required relation for the
stress tensor of viscoplastic fluids, viz., jsj � sy at A ¼ 0; and sy < jsj
for A 6¼ 0: The unyielded part (or the rigid section) and the yielded
section (or the liquid part) are defined through the tensor II with satis-
fying Eq. (5) and applying the following steps and process:

• The introduced relations in Eq. (5) are imposed over the entire
flow domain (including both yielded and unyielded sections).

• Finding the solutions of velocity u and the viscoplasticity con-
straint tensor II to reveal the yielded/unyielded regions. There
are no singularities due to A=_c as A! 0:

• The two unknown vectors of u and II should be defined, which
requires a connection between these two vectors. It is proved that
there is a relation between them using a simple projection opera-
tion (PRM)72,76–78 as

II ¼ PRMðIIþ rsyAÞ; 8r > 0; (E2)

where

M¼ vjv ¼ ðvijÞ1�i;j�2 2 ðL2ðXÞÞ
4; kvk � 1 a:e: onX

n o
and PRM : ðL2ðXÞÞ4 !M;

(E3)

is the projection operator defined so that PRMðvÞ ¼ v; if kvk � 1;
and PMðvÞ ¼ v=kvk otherwise. Note that in the context of Eq. (2),
the tensor v ¼ IIþ rsyA and it is symmetric. Further, the tensor v

must be dimensionless for II is also dimensionless.

Here, r > 0 is a value, which can be defined by non-
dimensional parameters based on our studied case and problem.
The iterations will continue to reach the convergence point based
on our desired accuracy. It should be noted that the boundary
between the yielded and unyielded regions is shaped between
jjIIjj < 1 and jjIIjj ¼ 1:
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