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ABSTRACT
In this paper, a two-dimensional double diffusive natural convection in a porous cavity filled with viscoplastic fluids is sim-
ulated. The dimensional and non-dimensional macroscopic equations are presented, employing the Papanastasiou model for
viscoplastic fluids and the Darcy–Brinkman–Forchheimer model for porous media. An innovative approach based on a modifica-
tion of the lattice Boltzmann method is explained and validated with previous studies. The effects of the pertinent dimensionless
parameters are studied in different ranges. The extensive results of streamlines, isotherms, and isoconcentration contours,
yielded/unyielded regions, and local and average Nusselt and Sherwood numbers are presented and discussed.
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I. INTRODUCTION

The lattice Boltzmann method (LBM) has been known as
a powerful mesoscopic numerical method to model a broad
variety of complex fluid flow phenomena.1–15 Huilgol and
Kefayati16 introduced an innovative LBM that can be applied
to all fluids, whether they be Newtonian, or power law fluids,
or viscoelastic and viscoplastic fluids. In fact, in this method,
the equilibrium distribution function is altered in different
directions and nodes while the relaxation time is fixed. Inde-
pendency of the method to the relaxation time in contrast to
common LBM provokes the method to solve different non-
Newtonian fluids successfully as the method protects the
positive points of LBM simultaneously. Following the previ-
ous study, Huilgol and Kefayati17 derived the two and three
dimensional equations of this method for the Cartesian, cylin-
drical, and spherical coordinates. Recently, Kefayati et al.18

developed and improved the method for different thermal
problems of non-Newtonian fluids through porous media. To
validate the accuracy of the method, natural convection in a
porous cavity was studied and compared with previous stud-
ies. In addition, in this study, natural convection of power-law
and Bingham fluids in a porous cavity was simulated.

Flows in a porous enclosure driven by buoyancy force are
a fundamental problem in fluid mechanics due to its impor-
tance in various industrial and technological applications such
as microwave heating, geothermal systems, energy storage,
gas transport, drying, and crystallization.19,20 This type of
flow can be used as a benchmark in academic researches and
various engineering applications.21–31

In the last three decades, there has been considerable
attention to study the natural convection in the presence of
the mass transfer in a square cavity through porous media due
to a large number of technical applications such as packed
sphere beds, chemical catalytic reactors, grain storage, solar
heating, atmosphere study, geothermal reservoirs, solidifica-
tion of casting, and crude oil production. So, the double diffu-
sive natural convection in porous cavities has been simulated
by many researchers.32–44

However, in the most cited industries which contain
porous media, the fluid flow does not follow the classical
Newtonian behavior. In some of the industries such as solid-
ification of casting, oil recovery, food processing, and mate-
rials processing, the fluid flow shows viscoplastic behavior.
In the case of the solidification of casting, double diffusive
natural convection is the phenomenon that results from the
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effect of gravity on density differences caused by phase or
compositional variations in the liquid. In most solidification
models, the flow through the mushy zone is treated as flow
through porous media.45 In addition, at temperatures between
the liquidus and solidus, the metal is neither liquid nor solid
and exhibits viscoplastic rheological properties.46 Viscoplas-
tic fluids form a special sub-class of non-Newtonian fluids in
which the flow field is divided into two regions: the first is an
unyielded zone where the fluid is at rest or undergoes a rigid
motion and the second where the fluid flows like a viscous
liquid. In the unyielded zone, the stress is less than or equal
to a critical value, the yield stress, and in the yielded region,
the stress exceeds the yield stress. Natural convection of vis-
coplastic fluids in a cavity in the absence of the mass trans-
fer has been studied in the last decade by some researchers
numerically and experimentally.47–61

However, double diffusive natural convection (driven by
cooperating thermal and solutal buoyancy forces) of vis-
coplastics in a cavity is limited to our recent investigations
into this area. Kefayati62 simulated double-diffusive natural
convection, studying Soret and Dufour effects and viscous
dissipation in an inclined square cavity filled with Bingham
fluid by LBM. Furthermore, entropy generations through fluid
friction, heat transfer, and mass transfer were studied. The
problem was solved by applying the regularised Papanastasiou
model. Kefayati and Tang63 also studied double-diffusive nat-
ural convection of viscoplastic fluids and entropy generation
in an open cavity, using the same approach.

The main aim of this study is to develop the introduced
LBM and simulate double diffusive natural convection of a vis-
coplastic fluid in a porous cavity. The relevant macroscopic
equations are listed in Sec. II, and the numerical method (LBM)
is described in Sec. III. In Sec. IV, the present results are val-
idated with previous numerical investigations and, in Sec. V,
the effects of the main non-dimensional parameters on heat
and mass transfer, fluid flow, and yielded/unyielded sections
are examined.

II. THEORETICAL FORMULATION
Two-dimensional double diffusive natural convection in

square enclosures is simulated where the enclosures are con-
sidered to be completely filled with a viscoplastic fluid obeying
the Bingham model. The geometry of the present problem is
shown in Fig. 1. The temperature and concentration of the left
wall are considered to be maintained at high temperature and
concentration of TH and CH as the right sidewall is kept at low
temperature and concentration of TC and CC. There is no heat
generation and thermal radiation. The flow is steady, incom-
pressible, and laminar. The density variation is approximated
by the standard Boussinesq model for temperature and con-
centration. Viscous dissipation and Soret and Dufour effects
are neglected.

Flows in porous media are usually modeled based
on the volume-averaging at the representative elementary
volume (REV) scale. In this approach, many models have been
introduced in the literature, such as the Darcy, the Darcy–
Brinkman, and the Darcy–Brinkman–Forchheimer models. In

FIG. 1. Geometry of the present study.

these models, fluid forces and the solid drag force are con-
sidered in the momentum equation.19,20 Here, the applied
approach is the Darcy–Brinkman–Forchheimer model. The
local thermal equilibrium is considered to be valid; i.e., the
temperature of the solid phase and temperature of the fluid
phase within the porous medium are equal. In a porous
medium, the fluid flow mainly occurs through the pores or
void space between the solid particles. Hence, either Darcy
velocity or intrinsic velocity can be defined. The current
work involves the intrinsic velocity based on the fluid control
volume.

A. Dimensional equations
Based on the above assumptions, the dimensional

mass, momentum, energy, and concentration equations
are18,21,33–44,62,63

∂u
∂x

+
∂v

∂y
= 0, (1)

ρ

ε2

(
u
∂u
∂x

+ v
∂u
∂y

)
= −

1
ε

∂(ε p)
∂x

+
1
ε

(
∂τxx

∂x
+
∂τxy

∂y

)
− Λx, (2)

ρ

ε2

(
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∂v
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)
= −
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∂(ε p)
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+
1
ε

(
∂τyy

∂y
+
∂τxy

∂x

)
+ gρ[βT(T − TC) + βC(C − CC)] − Λy. (3)

Here, x and y are the coordinates varying along the horizontal
and vertical directions, respectively; u and 3 are the velocity
components in the x and y directions, respectively; p is the
dynamic pressure; and τxx, τxy, τyy are the stresses. ρ and
g are the density and the gravity acceleration, respectively.
βT and βC are the thermal and solutal expansion coefficients,
respectively. Λ = (Λx, Λy) is the force term due to the porous
medium and is expressed as

Λ =

[
η

K
+
ρEε
√

K
|u |

]
u , |u | =

√
u2 + v2, (4)
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K =
ε3 d2

150 (1 − ε )2
, Eε =

1.75
√

150 ε3
, (5)

where η is the dynamic viscosity and d is the solid particle
diameter. K is the permeability of the porous medium, and ε

is the porosity of the porous medium.

u
∂T
∂x

+ v
∂T
∂y
= αe

(
∂2T
∂x2

+
∂2T
∂y2

)
, (6)

where T is the temperature and αe is the effective thermal
diffusivity of the porous medium as

αe =
ke

( ρ cp)f
ke = εkf + (1 − ε )ks, (7)

where ke and cp are the effective thermal conductivity and the
specific heat of the fluid at constant pressure, respectively.

u
∂C
∂x

+ v
∂C
∂y
= D

(
∂2C
∂x2

+
∂2C
∂y2

)
, (8)

where C is the concentration and D is the mass diffusivity.

B. Constitutive model
Bingham64 constituted the viscoplastic fluids as follows:




A1 = 0, |τ | ≤ τy,
τ =

(
ηp + τy

γ̇

)
A1, |τ | > τy, (9)

A1 = ∇u + ∇uT. (10)

The plastic viscosity ηp and the yield stress τy are con-
stant, and the two invariants γ̇ and |τ | are defined as follows:

γ̇ =
1
√

2

√
A1 : A1, |τ | =

1
√

2

√
τ : τ. (11)

An alternative approach is to use the so-called regu-
larization methods in which the constitutive equation mod-
ified by a regularized equation applies everywhere in the
flow field in both yielded and unyielded regions such as the
Papanastasiou65 model. In the Papanastasiou model, which is
of interest here, the constitutive equation for the incompress-
ible Bingham fluid is replaced by that of a material with a
non-Newtonian viscosity. That is,

τ = η(γ̇)A1, (12)

where

η(γ̇) = ηp +
τy

γ̇

[
1 − exp(−mγ̇)

]
. (13)

The material parameter, m, introduced here is to control
exponential growth of the stress, and an ideal Bingham fluid
can be closely approximated if m is large enough. With consid-
eration to previous studies,66 we fix the constant parameter at
m = 106.

FIG. 2. Discrete velocity distribution in D2Q9.

C. Boundary conditions
The flow domain is given by Ω = (0, L) × (0, L), and the

boundary Γ = ∂Ω. The union of four disjoint subsets is as
follows:

Γ1 =
{
(x, y), x = 0, 0 ≤ y ≤ L

}
, (14a)

Γ2 =
{
(x, y), x = L, 0 ≤ y ≤ L

}
, (14b)

Γ3 =
{
(x, y), 0 ≤ x ≤ L, y = 0

}
, (14c)

Γ4 =
{
(x, y), 0 ≤ x ≤ L, y = L

}
. (14d)

The boundary condition for the velocity is straightfor-
ward

u |Γ1
= u |Γ2

= u |Γ3
= u |Γ4

= 0. (15)

The boundary conditions of the temperature are

TABLE I. Comparison between present and previous studies for natural convection
of Bingham fluids by the average Nusselt number at the hot wall in different Rayleigh
numbers for Pr = 1.

Bn Reference 48 Reference 54 Present study

Ra = 104

Bn = 0 2.23 2.23 2.23
Bn = 0.5 2.00 1.91 1.95
Bn = 1 1.70 1.65 1.68
Bn = 1.5 1.43 1.49 1.45
Bn = 2 1.21 1.34 1.30
Bn = 2.5 1.10 1.21 1.18
Bn = 3 1.00 1.10 1.05

Ra = 105

Bn = 0 4.60 4.60 4.60
Bn = 1 3.89 3.89 3.88
Bn = 2 3.45 3.46 3.44
Bn = 3 2.95 3.16 3.12
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TABLE II. Comparison of the average Nusselt number for different Rayleigh and Darcy numbers at ε = 0.4 and Pr = 1.

Ra Reference 21 Reference 22 Reference 23 Reference 24 Present study

Da = 10−2

103 1.010 1.008 1.007 1.008 1.008
104 1.408 1.367 1.362 1.365 1.366
105 2.983 2.998 3.009 3.012 3.010

Da = 10−4

105 1.067 1.066 1.067 1.067 1.067
106 2.550 2.603 2.630 2.618 2.612
107 7.810 7.788 7.808 7.811 7.809

Da = 10−6

107 1.79 1.077 1.085 1.089 1.081
108 2.970 2.955 2.949 3.014 2.998
109 11.460 11.395 11.610 11.733 11.512

T |Γ1
= TH, T |Γ2

= TC, ∂T/∂y��Γ3
= ∂T/∂y��Γ4

= 0. (16)

The boundary conditions of the concentration are

C |Γ1
= CH, C |Γ2

= CC, ∂C/∂y��Γ3
= ∂C/∂y��Γ4

= 0. (17)

D. Non-dimensional equations
The buoyancy velocity scale is U =

(
αe
L

)
Ram

0.5 as Ram
is the modified Rayleigh number. In order to proceed to the
numerical solution of the system, the following nondimen-
sional variables are introduced where18,25,26,32–44,62,63

x∗ =
x
L

, u∗ =
u
U

, p∗ =
p
ρU2

, (18a)

T∗ = (T − TC)/∆T, ∆T = TH − TC, (18b)

C∗ = (C − CC)/∆C, ∆C = CH − CC, (18c)

αe =
ke

ε ρ cpf
, Ram =

ρ2 βT gL3∆T Prm

ηp2
, (18d)

Prm =
ηp

αe ρ
, Dam =

K
ε L2

, Bn =
τyL
ηpU

, Le =
αe

D
. (18e)

In other words, the relationship between the modified
and actual Prandtl, Rayleigh, and Darcy numbers are Prm = Pr
× ε , Ram = Ra × ε , and Dam = Da/ε .

By substitution of Eqs. (18a)–(18e) in the dimensional
equations and dropping the asterisks, the following system of
non-dimensional mass, momentum, energy, and concentra-
tion equations is derived:

∂u
∂x

+
∂v

∂y
= 0 (19)

u
∂u
∂x

+ v
∂u
∂y
= −

∂p
∂x

+
Prm
√

Ram

(
∂τxx

∂x
+
∂τxy

∂y

)
−

Prm u
Dam

√
Ram

−
u |u |
√

Dam

1.75
√

150
, (20)

u
∂v

∂x
+ v

∂v

∂y
= −

∂p
∂y

+
Prm
√

Ram

(
∂τyx

∂x
+
∂τyy

∂y

)
+ Prm (T + NC)

−
Prm v

Dam
√

Ram
−

v |u |
√

Dam

1.75
√

150
, (21)

FIG. 3. Comparison of the isotherms, streamlines, and isoconcentrations between
present study and the study of Goyeau et al.33 at Le = 10, N = 10, Da = 10−3,
Pr = 10, and Ra∗ = 100 (Ra = Ra∗/Da = 105).
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TABLE III. Grid independence study at Ra = 105, Da = 10−3, ε = 0.4, Bn = 1,
N = 0.1, Le = 2.5, and Pr = 1.

Mesh size Nuavg Shavg

120∗120 2.5532 4.4820
140∗140 2.4162 4.4174
160∗160 2.3851 4.4022
180∗180 2.3681 4.3992
200∗200 2.3603 4.3985
220∗220 2.3603 4.3985

u
∂T
∂x

+ v
∂T
∂y
=

1
√

Ram

(
∂2T
∂x2

+
∂2T
∂y2

)
, (22)

u
∂C
∂x

+ v
∂C
∂y
=

1
Le
√

Ram

(
∂2C
∂x2

+
∂2C
∂y2

)
. (23)

In the case of the Papanastasiou model,65 the non-
dimensional apparent viscosity is given by

η(γ̇) = 1 +
Bn
γ̇

[
1 − exp(−mγ̇)

]
. (24)

Hence, the stresses are

τxx = 2η(γ̇)
(
∂u
∂x

)
, τyy = 2η(γ̇)

(
∂v

∂y

)
,

τxy = η(γ̇)
(
∂u
∂y

+
∂v

∂x

)
, (25)

where

γ̇ =



2


(
∂u
∂x

)2

+
(
∂v

∂y

)2
+

(
∂v

∂x
+
∂u
∂y

)2 


1
2

· (26)

The local and the average Nusselt and Sherwood numbers
on the hot wall are as follows:

Nu =
(
−
∂T
∂x

)
x=0

, Sh =
(
−
∂C
∂x

)
x=0

, (27a)

FIG. 4. The comparison of the isotherms, streamlines, isoconcentrations, and yielded/unyielded parts in different Rayleigh numbers at Bn = 1, Da = 10−3, N = 0.1, Le = 2.5,
Pr = 1, and ε = 0.4.
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FIG. 5. The comparison of the local Nusselt and Sherwood numbers on the left wall in different Rayleigh numbers at Bn = 1, Da = 10−3, N = 0.1, Le = 2.5, Pr = 1, and
ε = 0.4.

Nuavg =

1∫
0

Nu dx, Shavg =

1∫
0

Sh dx. (27b)

III. LATTICE BOLTZMANN METHOD
The approach is explained and approved in Refs. 16–18, so

the method is described briefly here. For the continuity and
momentum equations, a discrete particle distribution function
fα is defined as

∂fα
∂t

+ ξα · ∇xfα − Fα = −
1
ε φ

( fα − feq
α ), (28)

where ε is a small parameter to be prescribed when numerical
simulations are considered. φ is the relaxation time. Associ-
ated with each node is a lattice velocity vector ξα , which is
defined over a D2Q9 lattice (Fig. 2) as follows:

ξα =




(0, 0), α = 0,
σ(cos Θα , sin Θα ) α = 1, 3, 5, 7,

σ
√

2(cos Θα , sin Θα), α = 2, 4, 6, 8.
(29)

Here, the angles Θα are defined through Θα = (α − 1)π/4, α = 1,
. . ., 8. The constant σ has to be chosen with care for it affects
numerical stability. The equilibrium distribution function, feq

α ,
is16,17

feq
α = Aα + ξα · Bα + (ξα ⊗ ξα) : Cα , α = 0, 1, 2, . . . , 8. (30)

The relation between the above parameters and non-
dimensional macroscopic values are as follows:

A0 = ρ −
2p
σ2
−
ρ |u |2

σ2
, Aα = 0, α = 1, 2, . . . , 8. (31)

B1 =
ρu

2σ2
= Bα , α = 1, 3, 5, 7; Bα = 0, α = 0, 2, 4, 6, 8. (32)

Next, the matrices Cα are such that C0 = 0; C1 = Cα , α = 1,
3, 5, 7; C2 = Cα , α = 2, 4, 6, 8, where

C1 =

[
C11 0
0 C22

]
, C11 =

1
2σ4

(
p + ρu2 −

Prm
√

Ram
τxx

)
,

C22 =
1

2σ4

(
p + ρv2 −

Prm
√

Ram
τyy

)
,

(33)

C2 =

[
0 C12

C21 0

]
, C12 = C21 =

1
8σ4

(
ρuv −

Prm
√

Ram
τxy

)
. (34)

The body force term Fα can be defined as

Fα = 0, α = 0, 2, 4, 6, 8, (35a)

Fα =
1

2σ2
S · ξα , α = 1, 3, 5, 7, (35b)

where

S =
[
−

Prm u
Dam

√
Ram

−
u |u |
√

Dam

1.75
√

150

]
i

+
[
Prm (T + NC) −

Prm v

Dam
√

Ram
−

v |u |
√

Dam

1.75
√

150

]
j. (36)

The internal energy distribution function gα over a D2Q9
lattice is as follows:

∂gα
∂t

+ ξα · ∇xgα −Gα = −
1
εφ

(gα − geq
α ). (37)

TABLE IV. Comparison of the average Nusselt and Sherwood numbers for different
Rayleigh numbers at ε = 0.4, Bn = 1, N = 0.1, Le = 2.5, Da = 10−3, and Pr = 1.

Ra = 104 Ra = 105 Ra = 106

Nuavg 1.0852 2.3603 5.1512
Shavg 1.5068 4.3985 8.8681
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FIG. 6. The comparison of the isotherms, streamlines, isoconcentrations, and yielded/unyielded parts in different Bingham numbers at Ra = 105, Da = 10−3, N = 0.1,
Le = 2.5, Pr = 1, and ε = 0.4.
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FIG. 7. The comparison of the local Nusselt and Sherwood numbers on the left wall in different Bingham numbers at Ra = 105, Da = 10−3, N = 0.1, Le = 2.5, Pr = 1, and
ε = 0.4.

geq
α has a monomial expansion62,63

geq
α = Dα + ξα · Eα . (38)

One way of satisfying the above is to assume, as before,
that the scalars are given by Dα = D1, α = 1, 3, 5, 7, and Dα = D2,
α = 2, 4, 6, 8. In this problem, the non-dimensional parameters
are obtained as follows:

D0 = T, D1 = 0, D2 = 0. (39)

Regarding the vectors, it is assumed that Eα = E1, α = 1, 3, 5, 7;
Eα = E2 = 0, α = 0, 2, 4, 6, 8, where

E1 =
1

2σ2

(
uT −

1
√

Ram

∂T
∂x

)
. (40)

The internal concentration distribution function hα over
a D2Q9 lattice is

∂hα
∂t

+ ξα · ∇xhα −Hα = −
1
εφ

(hα − heq
α ). (41)

Here, heq
α has a monomial expansion62,63

heq
α = Mα + ξα · Zα . (42)

One way of satisfying the above is to assume, as before,
that the scalars are given by Mα = M1, α = 1, 3, 5, 7, and Mα = M2,
α = 2, 4, 6, 8. In this problem, the non-dimensional parameters
are obtained as follows:

M0 = C, M1 = 0, M2 = 0. (43)

Regarding the vectors, it is assumed that Z0 = 0, Zα = Z1, α = 1,
3, 5, 7; Zα = Z2, α = 2, 4, 6, 8, where

Z1 =
1

2σ2

(
uC −

1
Le
√

Ram

∂C
∂x

)
. (44)

It should be noted that the source terms in the energy and
concentration part are Gα = Hα = 0.

IV. CODE VALIDATION AND GRID INDEPENDENCE
The LBM scheme is utilized to simulate laminar double

diffusive natural convection in a porous enclosure filled with
a viscoplastic fluid. This problem is investigated at different
parameters of the Rayleigh number (Ra = 104–106), Darcy num-
ber (Da = 10−2 to 10−6), porosity (ε = 0.1–0.9), Lewis number
(Le = 2.5, 5, and 10), Buoyancy ratio (N = −1, 0.1, 1, and 10),
Prandtl number (Pr = 1, 10, 20, 40, and 100), and different
Bingham numbers. In this study, isotherms, streamlines, iso-
concentrations, and yielded/unyielded zones have been ana-
lyzed. The yielded and unyielded parts have been specified by
white and black in the contour; respectively. The results of
a Bingham fluid undergoing natural convection in an enclo-
sure have been compared with the work of Turan et al.48 and
Huilgol and Kefayati54 in Table I, which demonstrates good
agreement. In addition, the accuracy of the employed numer-
ical method in natural convection of the Bingham method
was studied by the author in the previous study.58–60 The
applied code for natural convection in a porous cavity is val-
idated by the average Nusselt number on the hot wall with
the previous studies of Nithiarasu et al.,21 Guo and Zhao,22 Liu
et al.,23 and Wang et al.24 in Table II in different Rayleigh and
Darcy numbers at Pr = 1. The present approach is applied for

TABLE V. Comparison of the average Nusselt and Sherwood numbers for different
Bingham numbers at ε = 0.4, Ra = 105, N = 0.1, Le = 2.5, Da = 10−3, and Pr = 1.

Bn = 0.1 Bn = 1 Bn = 2 Bn = 4 Bn = 6 Bn = 8

Nuavg 2.5433 2.3603 2.1223 1.6620 1.3211 1.2462
Shavg 4.7075 4.3985 4.0563 3.3177 2.2985 1.9973
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FIG. 8. The comparison of the isotherms, streamlines, isoconcentrations, and yielded/unyielded parts in different Darcy numbers at Bn = 1, Ra = 105, N = 0.1, Le = 2.5,
Pr = 1, and ε = 0.4.
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FIG. 9. The local Nusselt and Sherwood numbers on the hot wall in different Darcy numbers at Ra = 105, ε = 0.4, N = 0.1, Bn = 1, Le = 2.5, and Pr = 1.

double diffusive natural convection of Bingham fluids in a
cavity recently,62,63 which demonstrates the accuracy of the
utilized code for non-Newtonian Bingham fluids on double
diffusive natural convection properly. The applied numeri-
cal method for double diffusive natural convection of porous
media has been compared with the results of Goyeau et al.33

for Le = 10, N = 10, Da = 10−3, Pr = 10, and Ra∗ = 100 (Ra
= Ra∗/Da = 105) in Fig. 3, where the isotherms, streamlines, and

isoconcentrations demonstrate the accuracy of the utilized
code. An extensive mesh testing procedure was conducted
to guarantee a grid independent solution. Six different mesh
combinations were explored for the case of Ra = 105, Da = 10−3,
ε = 0.4, Pr = 1, Le = 2.5, and Bn = 2. The average Nusselt
and Sherwood numbers on the hot wall have been studied. It
was confirmed that the grid size (200 × 200) ensures a grid
independent solution as portrayed in Table III.

TABLE VI. Comparison of the average Nusselt and Sherwood numbers for different porosities and Darcy numbers at Bn = 1,
Ra = 105, N = 0.1, Le = 2.5, and Pr = 1.

ε = 0.1 ε = 0.2 ε = 0.4 ε = 0.6 ε = 0.8 ε = 0.9

Da = 10−2

Nuavg 1.5571 2.0946 2.7889 3.2846 3.6729 3.8410
Shavg 2.7554 3.7182 4.9336 5.7855 6.4404 6.7213

Da = 10−3

Nuavg 1.3953 1.8184 2.3603 2.7309 3.0041 3.1204
Shavg 2.5006 3.3703 4.3985 5.1057 5.6482 5.8829

Da = 10−4

Nuavg 1.18884 1.4064 1.7190 1.9537 2.1307 2.2068
Shavg 2.0188 2.7023 3.4555 3.9239 4.2303 4.3518

Da = 10−5

Nuavg 1.0642 1.1559 1.3240 1.4620 1.5709 1.6181
Shavg 1.5318 1.8928 2.3006 2.5599 2.7368 2.8095

Da = 10−6

Nuavg 1.0335 1.0999 1.2354 1.3490 1.4427 1.4840
Shavg 1.3734 1.6306 1.9416 2.1486 2.3049 2.3717
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V. RESULTS AND DISCUSSION
A. Rayleigh number effects

The Rayleigh number is defined as the ratio of the buoy-
ancy forces to the viscous forces. The effects of buoyancy
force strengthen relative to the viscous force with increasing
Rayleigh number for a given set of values of other parameters,
which in turn augments heat and mass transfer by convec-
tion due to stronger buoyancy-driven flow with higher vertical
velocity magnitude. Figure 4 shows the isotherms, streamlines,

isoconcentrations, and yielded/unyielded parts in different
Rayleigh numbers at Bn = 1, Da = 10−3, N = 0.1, Le = 2.5, Pr = 1,
and ε = 0.4. The movements of the isotherms between the
cold and hot walls ameliorate significantly, and they become
progressively curved. Moreover, the gradient of temperature
on the hot wall augments with the rise in Rayleigh number.
In fact, it occurs while the thermal boundary layer thickness
on the side walls decreases with increasing Rayleigh number.
The streamlines exhibit that the convection process has been
enhanced by the growth of Rayleigh numbers as the core of

FIG. 10. The comparison of the isotherms, streamlines, and yielded/unyielded parts in different porosities at Da = 10−4, Ra = 105, N = 0.1, Bn = 1, Pr = 1, and Le = 2.5.
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the streamline changes and the streamlines traverse more dis-
tance in the cavity. The last column displays the yielded (white)
and unyielded (black) regions for the studied Rayleigh num-
bers. It is clear that the proportion of the unyielded sections
in the enclosure has enhanced with the drop in Rayleigh num-
bers markedly. Therefore, for a constant Bingham number, the
increase in Rayleigh number causes the unyielded zones to
decline. The isoconcentrations demonstrate the same man-
ner where the increase in Rayleigh number enhances the gra-
dient of isoconcentrations on the hot walls. It depicts that
mass transfer increases significantly with the rise in Rayleigh
number.

Figure 5 demonstrates the local Nusselt and Sherwood
numbers on the left wall in different Rayleigh numbers at
Bn = 1, Da = 10−3, N = 0.1, Le = 2.5, Pr = 1, and ε = 0.4.
The local Nusselt and Sherwood numbers rise considerably as
the Rayleigh number increases. Table IV indicates the average
Nusselt and Sherwood numbers in different Rayleigh num-
bers at Bn = 1, Da = 10−3, N = 0.1, Le = 2.5, and ε = 0.4. It,
clearly, demonstrates that the average Nusselt and Sherwood
numbers enhance as the Rayleigh number increases.

B. Bingham number effects
The Bingham number is the ratio of the yield stress of

the fluid to the viscous stress caused by flow. Increasing
values of this parameter suggest that the flow domain con-
sists of predominantly unyielded regions, thereby suppress-
ing convective transport of heat and mass transfer. Figure 6
illustrates the isotherms, streamlines, isoconcentrations, and
yielded/unyielded parts in different Bingham numbers at Ra
= 105, Da = 10−3, N = 0.1, Le = 2.5, Pr = 1, and ε = 0.4. It
shows that the curved shapes of the isotherm and isoconcen-
trations decline with the rise in Bingham number. The process
causes the gradient of temperature and isoconcentration on

the hot wall to drop, and therefore, heat and mass transfer
decrease with the rise in Bingham number. The streamlines
can prove the decrease in the convection process with the
growth of the Bingham number as the inclined elliptical form
of the core of the cavity alters to a circular shape. The fig-
ure corroborates the mentioned results of Bingham number
effects evidently, where the maximum strength of streamline
decreases with the augmentation of the Bingham number. It
also depicts that the unyielded sections occupy more spaces
in the cavity as the Bingham number augments. In fact, the
rise in Bingham number causes the yielded regions to remove
gradually.

Figure 7 depicts the local Nusselt and Sherwood num-
bers on the left wall in different Bingham numbers at Ra
= 105, Da = 10−3, N = 0.1, Le = 2.5, Pr = 1, and ε = 0.4. The
local Nusselt number decreases with the enhancement of the
Bingham number. In fact, for high values of the Bingham num-
ber, the viscous force more readily overcomes the buoyancy
force, and as a result of this, no significant flow is induced
within the enclosure. The local Sherwood number declines
steadily as the Bingham number increases regularly. Table V
indicates the average Nusselt and Sherwood numbers in dif-
ferent Bingham numbers at Ra = 105, Da = 10−3, N = 0.1, Le
= 2.5, and ε = 0.4. It depicts that the average Nusselt and
Sherwood numbers drop gradually as the Bingham number
rises.

C. Darcy number effects
The Darcy number is directly proportional to the perme-

ability of the porous medium. Figure 8 shows the isotherms,
streamlines, isoconcentrations, and yielded/unyielded parts
in different Darcy numbers at Bn = 1, Ra = 105, N = 0.1,
Le = 2.5, Pr = 1, and ε = 0.4. It exposes that the gradients
of isotherms and isoconcentrations on the hot wall decline

FIG. 11. The local Nusselt and Sherwood numbers on the hot wall in different porosities at Da = 10−4, Ra = 105, N = 0.1, Bn = 1, Pr = 1, and Le = 2.5.
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gradually as the Darcy number decreases from Da = 10−2 to
10−6. The trend confirms that heat and mass transfer drop
considerably due to the decline in the Darcy number. In
addition, the streamline movement verifies the pattern as
the elliptical shape of the streamline alters to circular ones,
which demonstrates the convection process decrease sub-
stantially. The yielded/unyielded sections also change with
the alteration of the Darcy number evidently. It shows that
the yielded/unyielded zones alter slightly from Da = 10−2 to

10−3 although the concentration of the unyielded part rises
marginally. At Da = 10−4, the unyielded part changes com-
pletely in the shape and size compared to the Darcy numbers
of Da = 10−2 and 10−3, where two separate parallel sections are
generated symmetrically. The two symmetric shape expands
and becomes bigger in the center of the cavity at Da = 10−5,
compared to Da = 10−4. At Da = 10−6, the unyielded part fills
nearly the entire of the cavity except some minor yielded
sections close to the walls.

FIG. 12. The comparison of the isotherms, isoconcentrations, streamlines, and yielded/unyielded parts in different buoyancy ratio numbers at Da = 10−3, Ra = 105, ε = 0.4,
Bn = 1, Pr = 1, and Le = 2.5.
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FIG. 13. The local Nusselt and Sherwood numbers on the hot wall in different buoyancy ratio numbers at Da = 10−3, Ra = 105, ε = 0.4, Bn = 1, Pr = 1, and Le = 2.5.

Figure 9 shows the local Nusselt and Sherwood numbers
on the hot wall for different Darcy numbers at Ra = 105, ε
= 0.4, N = 0.1, Bn = 1, Le = 2.5, and Pr = 1. It shows that the
local Nusselt and Sherwood numbers increase with the rise
in the Darcy number gradually. Table VI shows the average
Nusselt and Sherwood numbers in different Darcy numbers
and porosities at Bn = 1, Ra = 105, N = 0.1, Le = 2.5, and
Pr = 1. It depicts that the average Nusselt and Sherwood num-
bers in various porosities decrease due to the decline in the
Darcy number from Da = 10−2 to 10−6.

D. Porosity effects
Based on the materials with industrial importance, the

porosity can vary between ε = 0.1 and 0.9,25,26 so we
have studied the parameter in the cited range. Figure 10
displays the isotherms, isoconcentrations, streamlines, and
yielded/unyielded parts clearly for various porosities at
Da = 10−4, Ra = 105, N = 0.1, Bn = 1, Pr = 1, and Le = 2.5. It
illustrates that the gradient of the isotherms on the hot wall
decreases as the porosity decreases. The trend has been con-
firmed by the streamlines as the core of them demonstrates
that the convection process decreases with the drop in poros-
ity. Furthermore, it exhibits that the unyielded section for cer-
tain Bingham and Rayleigh numbers increases with the drop
in porosity. In fact, the increment of the unyielded sections at
lower porosity causes the heat transfer to drop.

Figure 11 indicates the local Nusselt and Sherwood num-
bers for different porosities at Da = 10−4, Ra = 105, N = 0.1,
Bn = 1, Pr = 1, and Le = 2.5. It is evident that the effect of
porosity on the local Nusselt and Sherwood numbers is signif-
icant, where the increase in porosity enhances them steadily
and therefore rises the convection process. Table VI illustrates
that the average Nusselt and Sherwood numbers in various
Darcy numbers rise substantially when the porosity increases.

E. Buoyancy ratio effects
Buoyancy ratio is the ratio between the solute and ther-

mal buoyancy forces. It can be either positive or negative,
and its sign depends on the coefficients of thermal and solu-
tal expansions. The solutal and thermal buoyancy forces may
be either augmenting or opposing each other. So, depend-
ing on the directions of the buoyancy forces, the problem
can be either an aiding or opposing buoyancy condition.

TABLE VII. Comparison of the average Nusselt and Sherwood numbers for different
buoyancy ratio numbers at ε = 0.4, Bn = 1, Ra = 105, Le = 2.5, and Pr = 1.

N = −1 N = 0.1 N = 1 N = 10

Da = 10−2

Nuavg 1.3328 2.7889 3.1782 4.7923
Shavg 2.0794 4.9336 5.7500 8.8990

Da = 10−3

Nuavg 1.2573 2.3603 2.6456 3.7673
Shavg 1.9632 4.3985 5.0899 7.5334

Da = 10−4

Nuavg 1.2297 1.7190 1.8762 2.4797
Shavg 1.9039 3.4555 3.9174 5.4017

Da = 10−5

Nuavg 1.2244 1.3240 1.3923 1.6913
Shavg 1.8918 2.3006 2.5839 3.6448

Da = 10−6

Nuavg 1.2237 1.2354 1.2459 1.3069
Shavg 1.8906 1.9416 1.9904 2.2292
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Figure 12 exhibits the isotherms, isoconcentrations, stream-
lines, and yielded/unyielded parts in different buoyancy ratios
at Da = 10−3, Ra = 105, ε = 0.4, Bn = 1, Pr = 1, and Le = 2.5. The
comparison between the isotherms demonstrates that the rise
in buoyancy ratio from N = −1 to 1 causes the gradient of the
isotherms on the hot wall to increase significantly. Hence, the
pattern clarifies that the augmentation of the buoyancy ratio
enhances heat transfer. Moreover, the trend is observed in
isoconcentrations as they incline to the hot wall and their gra-
dient augments noticeably. As a result, mass transfer similar
to heat transfer is improved by the increase in buoyancy ratio.
The shapes of the streamlines in different buoyancy ratios can
prove the cited result in the isotherms and isoconcentrations
properly. At N = −1, a secondary vortex close to the hot wall
weakens the main vortex as it circulates in the opposite direc-
tion of the main vortex counterclockwise. In addition, it is
evident that the main circulation in the cavity move toward
the hot wall as the buoyancy ratio enhances from N = 0.1 to 1,
and moreover, the separated vortexes in the core of the cavity
become uniform with an apparent inclination to the hot wall.

It is clear that yielded/unyielded sections alter as the buoy-
ancy ratio changes. At N = −1, an unyielded zone is formed
close to the hot wall and two small parts are generated in
the center of the cavity. But, in the positive buoyancy ratio,
the unyielded section is created in the center of the cavity;
however, the size of the unyielded part drops as the buoyancy
ratio increases from N = 0.1 to 10. In addition, it demonstrates
that the change of the buoyancy ratio declines the symmetric
shape of the yielded/unyielded zones, especially for negative
buoyancy ratios.

Figure 13 displays the local Nusselt and Sherwood num-
bers on the hot wall for different buoyancy ratio numbers at
Da = 10−3, Ra = 105, ε = 0.4, Bn = 1, Pr = 1, and Le = 2.5. It shows
that the local Nusselt and Sherwood numbers increase with
the rise in buoyancy ratio although the rise is more significant
from N = −1 to 0.1 compared to the increase from N = 0.1 to 1.
Table VII reveals the average Nusselt and Sherwood numbers
in different buoyancy ratio numbers for various Darcy num-
bers at Ra = 105, ε = 0.4, Bn = 1, Pr = 1, and Le = 2.5. It demon-
strates that the average Nusselt and Sherwood numbers in

FIG. 14. The comparison of the isotherms, isoconcentrations, streamlines, and yielded/unyielded parts in different Lewis numbers at Da = 10−3, Ra = 105, ε = 0.4, Bn = 1,
Pr = 1, and N = 0.1.
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FIG. 15. The local Nusselt and Sherwood numbers on the hot wall in different Lewis numbers at Da = 10−3, Ra = 105, ε = 0.4, Bn = 1,
Pr = 1, and N = 0.1.

FIG. 16. The comparison of the isotherms, isoconcentrations, streamlines, and yielded/unyielded parts in different Lewis numbers at Da = 10−3, Ra = 105, ε = 0.4, Bn = 1, Pr
= 1, and N = 10.
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various Darcy numbers rise as the buoyancy ratio increases
from N = −1 to 10.

F. Lewis number effects
The Lewis number deals with the relative influence

of thermal and mass diffusions. It has an effect on the
thicknesses of the thermal and solutal boundary layers.
When the Lewis number increases, the solutal boundary
layer becomes thinner and the Sherwood number enhances.
Figure 14 depicts the isotherms, isoconcentrations, stream-
lines, and yielded/unyielded parts in different Lewis numbers
at Da = 10−3, Ra = 105, ε = 0.4, Bn = 1, Pr = 1, and N = 0.1.
The contours exhibit that the density of the isoconcentrations
on the hot wall grows with the increase in Lewis numbers.
The pattern confirms that mass transfer enhances with the
rise in Lewis number generally without consideration to the
Bingham number. However, for the studied range of Lewis
numbers, the isotherms, streamlines, and yielded/unyielded
sections do not alter significantly. The trend can be proved
by Fig. 15, where the local Nusselt number is nearly identi-
cal for different Lewis numbers except in the maximum part
where it changes slightly, but the local Sherwood number rises
considerably as the Lewis number enhances. In fact, the main
reason for the minor effect of the Lewis number on isotherms,
streamlines, and yielded/unyielded sections is the small value
of the buoyancy ratio (N = 0.1), which causes the concentration
effect on the momentum equation to be minor. To prove the
statement, the buoyancy ratio of N = 10 has been studied for
different Lewis numbers in Fig. 16. It is clear that not only iso-
concentrations have changed, but the isotherms, streamlines,
and yielded/unyielded sections have also been affected con-
siderably by the increase in Lewis number. Table VIII indicates
the average Nusselt and Sherwood numbers in different Lewis
numbers for various Darcy numbers at Ra = 105, ε = 0.4, Bn = 1,
Pr = 1, and N = 0.1 and 10. It demonstrates that the average
Sherwood number enhances considerably at N = 0.1 and 10 as
the Lewis number rises. However, due to the increase in the
Lewis number, the average Nusselt number declines slightly
at N = 0.1 and drops significantly at N = 10.

G. Prandtl number effects
The Prandtl number is the ratio of the momentum dif-

fusivity to the thermal diffusivity of the fluid. The Prandtl
number can be taken to represent the ratios of hydrody-
namic boundary layer to thermal boundary layer thicknesses.
Figure 17 exhibits the isotherms, isoconcentrations, stream-
lines, and yielded/unyielded parts in different Prandtl num-
bers at Da = 10−5, Ra = 105, ε = 0.1, Bn = 0.1, Le = 2.5, and N
= 0.1. It is clear that the effect of the Prandtl number on the
isotherms, isoconcentrations, and streamlines is marginal. In
addition, it exhibits that the unyielded zone expands gradually
when the Prandtl number increases from Pr = 1 to 100. Table IX
shows the average Nusselt and Sherwood numbers in differ-
ent Prandtl numbers at Ra = 105, ε = 0.1, Bn = 0.1, Le = 2.5, and
N = 0.1. It illustrates that the heat and mass transfer enhance
at Da = 10−3 as Prandtl number rises in the small value of the
Bingham number while the rise is marginal at Da = 10−5. A large

TABLE VIII. Comparison of the average Nusselt and Sherwood numbers for different
Lewis numbers at ε = 0.4, Bn = 1, Ra = 105, and Pr = 1.

Le = 2.5 Le = 5 Le = 10

Da = 10−2

N = 0.1
Nuavg 2.7889 2.7683 2.7574
Shavg 4.9336 7.1881 10.0929
N = 10
Nuavg 4.7923 3.4237 2.1635
Shavg 8.8989 12.3191 17.6825

Da = 10−3

N = 0.1
Nuavg 2.3603 2.3455 2.3361
Shavg 4.3985 6.5505 9.4189
N = 10
Nuavg 3.7673 2.7477 1.9106
Shavg 7.5334 11.1366 16.4706

Da = 10−4

N = 0.1
Nuavg 1.7190 1.7116 1.7087
Shavg 3.4555 5.2847 7.3958
N = 10
Nuavg 2.4797 1.9709 1.6208
Shavg 5.4017 8.5130 12.7494

Da = 10−5

N = 0.1
Nuavg 1.3240 1.3228 1.3213
Shavg 2.3006 3.4459 4.9277
N = 10
Nuavg 1.6913 1.5580 1.4722
Shavg 3.6448 5.7791 8.4702

Da = 10−6

N = 0.1
Nuavg 1.2354 1.2352 1.2351
Shavg 1.9416 2.7767 3.9440
N = 10
Nuavg 1.3011 1.2905 1.2722
Shavg 2.2146 3.3164 4.8462

value of the Prandtl number corresponds to a thin boundary
layer, and hence, the Nusselt number should increase with
the Prandtl number, for Newtonian fluids and small Bingham
numbers. For high Bingham numbers, the effects of the buoy-
ancy force become increasingly weak in comparison with the
viscous effects with increasing Prandtl number when other
parameters are held constant. So, the average Nusselt and
Sherwood numbers drop at the high values of the Bingham
number. But, this effect is relatively weak for small values
of Bingham numbers (e.g., Bn = 0.1), where an increase in
Prandtl number acts to reduce the thermal boundary layer
thickness which in turn acts to increase the heat transfer
rate.
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FIG. 17. The comparison of the isotherms, streamlines, isoconcentrations, and yielded/unyielded parts in different Prandtl numbers at Da = 10−5, Ra = 105, ε = 0.1, Bn = 0.1,
Le = 2.5, and N = 0.1.
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TABLE IX. Comparison of the average Nusselt and Sherwood numbers for different
Prandtl numbers at ε = 0.1, Bn = 0.1, Ra = 105, N = 0.1, and Le = 2.5.

Pr = 1 Pr = 10 Pr = 20 Pr = 40 Pr = 100

Da = 10−3

Nuavg 1.5889 1.8810 1.9088 1.9234 1.9328
Shavg 2.8381 3.1871 3.2122 3.2253 3.2363

Da = 10−5

Nuavg 1.0783 1.0871 1.0878 1.0882 1.0847
Shavg 1.5993 1.6383 1.6412 1.6435 1.6311

VI. CONCLUDING REMARKS
Double diffusive natural convection of viscoplastic fluid

in a porous cavity has been analyzed by LBM. This study has
been conducted for the pertinent parameters in the following
ranges: the Rayleigh number (Ra = 104–106), Darcy number (Da
= 10−2 to 10−6), Prandtl number (Pr = 1–100), porosity (ε = 0.1–
0.9), Lewis number (Le = 2.5, 5, and 10), and buoyancy ratio (N
= −1, 0.1, 1, and 10). The Bingham number is also studied in a
wide range. The main conclusions of the present investigation
can be summarized as follows:

• The increase in Lewis number augments the mass
transfer in various Bingham numbers in high and low
buoyancy ratios of N = 0.1 and 10. But, the heat transfer
decreases slightly at N = 0.1 and declines significantly
at N = 10.

• The increase in Lewis number from Le = 2.5 to 10 does
not affect the unyielded zones noticeably at N = 0.1,
but the unyielded sections are expanded by the rise in
Lewis number at N = 10.

• The drop in the Darcy number from Da = 10−2 to
10−6 weakens the convection process of heat and mass
transfer and alters the shape and size of the unyielded
sections.

• The increases in porosity in a specific Darcy num-
ber causes heat and mass transfer to rise, while the
unyielded section diminishes gradually.

• The enhancement of the buoyancy ratio increases heat
and mass transfer considerably. However, the increase
is not uniform in different Bingham numbers and
porosities.

• The increase in the buoyancy ratio from N = 0.1 to
1 expands the unyielded zone slightly, while the rise
in the buoyancy ratio from N = 1 to 10 diminishes
the unyielded zone marginally. But, the change in
the buoyancy ratio from N = 0.1 to −1 develops the
unyielded zones considerably.

• It is observed that the negative buoyancy ratio removes
the symmetric shape of the unyielded zone.

• The increase in Prandtl number enlarges the unyielded
section in different Darcy numbers.

• In the small Bingham number of Bn = 0.1, the rise in
Prandtl number from Pr = 1 to 100 enhances heat and
mass transfer by nearly 20% in higher Darcy number

(Da = 10−3), but it has a minor influence on heat and
mass transfer (approximately by 0.5%) at lower Darcy
numbers (Da = 10−5).

NOMENCLATURE
A1 the first Rivlin-Ericksen tensor
Bn Bingham number
C concentration
c lattice speed
cp specific heat capacity at constant pressure
D mass diffusivity
Da Darcy number
F external forces
fα density distribution functions for the specific node of α
feq
α equilibrium density distribution functions for the spe-

cific node of α
gα internal energy distribution functions for the specific

node of α
geq
α equilibrium internal energy distribution functions for

the specific node of α
g gravitational acceleration
hα internal concentration distribution functions for the

specific node of α
heq
α equilibrium internal concentration distribution func-

tions for the specific node of α
k thermal conductivity
K permeability of the porous medium
L length of the cavity
Le Lewis number
N buoyancy ratio
Nu Nusselt number
p pressure
Pr Prandtl number
Ra Rayleigh number
Sh Sherwood number
T temperature
t time
x, y Cartesian coordinates
u the volume averaged velocity in x direction
U the buoyancy velocity scale
3 the volume averaged velocity in y direction

Greek letters
βT thermal expansion coefficient
βC solutal expansion coefficient
φ relaxation time
τ shear stress
τy yield stress
ξ discrete particle speeds
∆x lattice spacing in x direction
∆y lattice spacing in y direction
∆t time increment
α thermal diffusivity
ρ density of fluid
η dynamic viscosity
ηp plastic viscosity
ε porosity of the porous medium
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Subscripts
avg average
C cold
e effective
H hot
L left
R right
x, y Cartesian coordinates
α specific node
m modified
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